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SUBVARIETIES WITH q-AMPLE NORMAL BUNDLE
AND q-AMPLE SUBVARIETIES
MIHAI HALIC
Abstract. The goal of this article is twofold. On one hand, we study the subvarieties of
projective varieties which possess partially ample normal bundle; we prove that they are G2
in the ambient space. This generalizes results of Hartshorne and Ba˘descu-Schneider. We
work with the cohomological partial ampleness introduced by Totaro.
On the other hand, we define the concept of a partially ample subvariety, which gen-
eralizes the notion of an ample subvariety introduced by Ottem. We prove that partially
ample subvarieties enjoy the stronger G3 property. Moreover, we present an application to
a connectedness problem posed by Fulton-Hansen and Hartshorne.
The results are illustrated with examples.
Introduction
While searching for an appropriate concept of amplitude for higher codimensional subva-
rieties, Hartshorne investigated the geometric and cohomological properties of pairs pX,Y q
consisting of a projective scheme X and a local complete intersection subscheme Y with am-
ple normal bundle. On one hand, Y Ă X is G2 that is, the formal completion XˆY determines
an e´tale neighbourhood of Y ; furthermore, subvarieties of projective spaces are actually G3
(cf. [26, 27, 29]). On the other hand, the cohomology groups of coherent sheaves on the
complement XzY are finite dimensional and vanish, above appropriate degrees.
It turns out that the assumption about the ampleness of the normal bundle can be weak-
ened. It suffices to require either a Hermitian metric with partially positive curvature (cf.
[22, 14]) or partial ampleness in the sense of Sommese (cf. [30, 6]). A comprehensive reference
to the algebraic approach to the problem is Ba˘descu’s book [5].
Ample subvarieties of projective varieties were defined by Ottem in [38], based on Totaro’s
work [42] on cohomological ampleness. Their normal bundle is ample, but not conversely.
Ample subvarieties enjoy pleasant features: they are G3 in the ambient space and the co-
homological dimension of their complement is the smallest possible (the co-dimension minus
one).
In a different framework, the author introduced the weaker notion of a q-ample subvariety,
generalizing the ample subvarieties defined by Ottem (cf. [24]). One shows that the q-
ampleness of a subvariety Y Ă X consists of two conditions:
– a global one, which is an upper bound on the cohomological dimension of the complement
XzY ;
– a local one, the q-ampleness of the normal bundle.
In general, it is difficult to estimate the cohomological dimension of the complement of a
subvariety. The issue has been intensively investigated (cf. [27, 37, 35, 18]).
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Concerning the second condition, Hartshorne initiated the study of subvarieties with ample
normal bundle (cf. [26, 27]). In [6], Ba˘descu-Schneider proved the G2 property for subvari-
eties with globally generated, partially ample normal bundle (in the sense of Sommese [40]).
The result implies that generating subvarieties of rational homogeneous and abelian vari-
eties are G3. Their approach essentially uses the global generation of the normal bundle,
in order to reduce the problem to [26]. Faltings proved in [18] that the G3 property holds
for low codimensional subvarieties of rational homogeneous varieties and also estimated the
cohomological dimension of their complement.
To our knowledge, the properties of subvarieties with q-ample normal bundle have not
been investigated yet. We emphasize that we refer to the cohomological partial ampleness
introduced by Arapura-Totaro [2, 42], which is less restrictive than the partial ampleness of
Sommese. This is the main motivation for our study.
The advantage of the cohomological ampleness is that of being a numerical condition.
We show that the G2 property holds for subvarieties whose co-normal bundle is not pseudo-
effective. This yields numerous new examples of subvarieties with partially ample, but neither
ample nor globally generated, normal bundle: e.g. sufficiently generic subvarieties of uniruled
varieties. The ubiquity of these objects is, in our opinion, a strong motivation to systematically
study their properties. We highlight the main results obtained in this article.
Theorem Let X be a non-singular irreducible projective variety, defined over an alge-
braically closed field of characteristic zero, and let Y be a local complete intersection sub-
variety. Then the following statements hold:
(i) (cf. 2.1, 3.4) If Y is connected and its normal bundle in X is pdimY ´ 1q-ample, then
Y is G2 and the cohomology groups of coherent sheaves on XzY are finite dimensional,
above a certain degree.
(ii) (cf. 8.1) If Y is pdimY ´ 1q-ample, then it is G3. In particular, it holds:
(a) (cf. 8.3) Sufficiently general, movable subvarieties of rationally connected varieties
are G3.
(b) (cf. 10.5) Suppose X is almost homogeneous for the action of a linear algebraic
group G, with open orbit O. If codimXpXzOq ě 2 and the stabilizer of a point in
O contains a Cartan subgroup of G, then the diagonal of X ˆX is G3.
Moreover, we prove the G3 property for movable subvarieties of minimal Mori dream spaces
(cf. 8.4) and of the strongly (very) movable subvarieties introduced by Voisin (cf. 8.9). Fur-
thermore, we obtain several results concerning the behaviour under natural operations, e.g.
intersections, products, pre-images.
We discuss a conjecture of Fulton-Hansen [20] and Hartshorne [27], concerning the con-
nectedness of the intersection of two subvarieties (of an ambient space X) with ample normal
bundle. The conjecture and various versions hold for X a projective space, a flag variety,
a homogeneous space, or products of such (cf. [20, 25, 18, 16, 7]). The approach inhere
applies to arbitrary ambient varieties. We impose partial ampleness to one subvariety—not
only to its normal bundle—and we analyse how is this property preserved by intersections.
Our contribution to this topic is the following (see loc. cit. for details):
Theorem (cf. 9.2) Let X be a projective variety, Y a lci subvariety, and V
f
Ñ X a morphism,
with V projective, irreducible. Suppose q :“ dim fpV q´codimXY ą 0 and Y Ă X is q-ample.
Then the following statements hold:
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(i) If the Stein factorization V¯ “ Specpf˚OV q of f is a Cohen-Macaulay variety, then
f´1pY q is non-empty and connected.
(ii) Assume that fpV q is smooth, Y X fpV q is lci in fpV q. Then f´1pY q Ă V is G3.
A substantial part is dedicated to illustrate the general theory with examples. It is pleasing
that partially ample subvarieties naturally occur in various contexts:
(i) almost homogeneous, more generally, rationally connected varieties (cf. §10.1);
(ii) zero loci of sections in globally generated vector bundles (cf. §10.2);
(iii) Bialynicki-Birula decompositions, corresponding to Gm-actions (cf. §10.3).
The article is divided in two. In the first part, we follow [26] to study the properties of
subvarieties with partially ample normal bundle; their main property is that of being G2 in the
ambient space. We apply the theory to the case of uniruled varieties and generalize existing
results which typically hold for complete intersections or for subvarieties of homogeneous
spaces (cf. 4.5, 4.3).
In the second part, we define and study partially ample subvarieties, in a similar vein to
[38]. One of their essential features is that of being G3; the proof of this fact depends on the
G2-result obtained in the first part. We adapt some of the results in [5] to deduce the G3
property for subvarieties of almost homogeneous and of rationally connected varieties. The
article ends with explicit computations in several cases: zero loci of sections in vector bundles
and sources of actions of the multiplicative group.
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1. Preliminary notions
Notation 1.1 We work over an algebraically closed field k of characteristic zero. Throughout
the article, X stands for a connected, noetherian formal scheme, regular and projective over
k; X stands for an irreducible projective variety over k.
We denote by Y either a subscheme of definition of X—by assumption, it is projective—, or
a closed subscheme of X. Let dimY be the maximal dimension of its irreducible components;
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if Y Ă X, codimpY q :“ dimX ´ dimY . We assume that all the components of Y are at least
1-dimensional, so dimY ě 1.
Furthermore, let IY Ă OX (resp. Ă OX) be the sheaf of ideals defining Y . For a ě 0, let
Ya be the subscheme defined by the I
a`1
Y . The formal completion of X along Y is defined
as XˆY :“ limÝÑYa. If X is non-singular in a neighbourhood of Y , then XˆY is regular and
projective. Details can be found in [28, Section II.9].
In the case where Y is a locally complete intersection—lci for short—in X, we denote its
normal sheaf by N “ NY :“ pIY {I
2
Y q
_; it is locally free of rank ν on Y . The structure sheaves
of the various thickenings Ya fit into the exact sequences:
0Ñ SymapN_q Ñ OYa Ñ OYa´1 Ñ 0, @a ě 1. (1.1)
For a coherent sheaf G, we denote htpGq :“ dimkH
tpGq; for a field extension K ãÑ K 1,
trdegK K
1 is the transcendence degree; ctA,B,... stands for a real constant depending on the
quantities A,B, . . . . A line (resp. vector) bundle is an invertible (resp. locally free) sheaf.
Suppose Y is connected; let KpXˆY q be the field of formal rational functions on X along
Y . We recall the following terminology due to Hironaka-Matsumura (cf. [29]):
– Y is G1 in X, if KpXˆY q “ k;
– Y is G2 in X, if KpXq ãÑ KpXˆY q is finite;
– Y is G3 in X, if KpXq ãÑ KpXˆY q is an isomorphism.
1.1. Cohomological q-ampleness. This notion was introduced by Arapura and Totaro.
Definition 1.2 Let Y be a projective scheme.
(i) (cf. [42, Theorem 7.1]) An invertible sheaf L on Y is called q-ample if, for any coherent
sheaf G on X, holds:
D ctG @ a ě ctG @ t ą q, HtpY,Gb Laq “ 0. (1.2)
It’s enough to verify this property for G “ A´k, k ě 1, where A P PicpY q is a fixed, but
otherwise arbitrary, ample line bundle (cf. [42, Theorem 6.3]).
(ii) (cf. [2, Lemma 2.1, 2.3]) A locally free sheaf E on Y is q-ample if OPpE_qp1q on PpE
_q :“
ProjpSym‚OY Eq is q-ample. This is equivalent saying that, for any coherent sheaf G on Y ,
there is ctG ą 0 such that
HtpY,Gb SymapEqq “ 0, @t ą q, @a ě ctG . (1.3)
The q-amplitude of E, denoted qE, is the smallest integer q which satisfies this property.
We remark that E is q-ample if and only if EYred is q-ample (cf. [42, Corollary 7.2]).
The q-amplitude enjoys uniformity and sub-additivity properties, which we recall.
Theorem 1.3 (i) (cf. [42, Theorem 6.4, 7.1]) Let Y be a projective scheme, A,L P PicpY q.
We assume that A is sufficiently ample—Koszul-ample, cf. [42, pp. 733]—, and L is q-ample.
Then there are constants ctA,L1 , ct
A,L
2 ą 0, such that for any coherent sheaf G on Y holds:
HtpY,GbLaq “ 0, @t ą q, @a ě ctA,L1 ¨ reg
ApGq ` ctA,L2 .
Here regApGq stands for the regularity of G with respect to A.
(ii) (cf. [42, Theorem 3.4]) If H0pOY q “ k then, for any locally free sheaf E and coherent
sheaf G on Y , holds: regApEb Gq ď regApEq ` regApGq.
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Theorem 1.4 (cf. [2, Theorem 3.1]) Let 0 Ñ E1 Ñ E Ñ E2 Ñ 0 be an exact sequence of
locally free sheaves on the projective scheme Y . Then it holds: qE ď qE1 ` qE2 .
For products one has a better estimate.
Lemma 1.5 Let X1,X2 be irreducible projective varieties and E1,E2 be locally free sheaves on
them which are qE1-, qE2-ample, respectively. Let E1 ‘E2 be the direct sum of their pull-backs
to X1 ˆX2. Then we have: q
E1‘E2 ď maxtqE1 ` dimX2, q
E2 ` dimX1u.
Proof. It suffices to take G in (1.3) of the form pA1 b A2q
´1, with A1,A2 ample line bundles
on X1,X2, respectively. Then holds:
Ht
`
X1 ˆX2, pA
´1
1 b A
´1
2 q b Sym
apE1 ‘ E2q
˘
“
À
t1`t2“t,
a1`a2“a
Ht1
`
X1,A
´1
1 b Sym
a1pE1q
˘
bHt2
`
X2,A
´1
2 b Sym
a2pE2q
˘
.
It remains to apply the definition, for t ě maxtqE1 ` dimX2, q
E2 ` dimX1u. l
1.2. pdimY ´1q-ample vector bundles on Y . Subvarieties Y Ă X with pdimY ´1q-ample
normal bundle play an essential role in this article. Here we give a numerical characterization
of this property, analogous to Totaro’s result for invertible sheaves.
Proposition 1.6 (cf. [42, Theorem 9.1]) Let E be a locally free sheaf on an irreducible
projective variety Y . The following statements are equivalent:
(i) E is pdimY ´ 1q-ample.
(ii) OPpEqp1q is not pseudo-effective, where PpEq :“ ProjpSym
‚ E_q;
in this case, we say that E_ is not pseudo-effective.
(iii) There is a dominant morphism ϕ : CS Ñ Y , with S affine and CS an integral curve over
S, such that the following conditions are satisfied:
(1) ϕ˚E admits a line sub-bundle M which is relatively ample for CS Ñ S;
(2) Denote by CS,y the curves passing through the general point y P Y . Then the
corresponding lines My Ă Ey are movable in PpEyq.
Proof. Let OY p1q be an ample line bundle on Y . Denote by ωY the dualizing sheaf of Y (cf.
[28, Prop. III.7.5]); it is torsion free of rank one and there is c ą 0 such that:
ωY Ă OY pcq, OY p´cq Ă ωY (cf. [42, §9]).
The pdimY ´ 1q-ampleness means: H0pY, ωY b L b Sym
a E_q “ 0, @L P PicpY q, a ą ctL,
which is equivalent to H0pY,Mb Syma E_q “ 0, @M P PicpY q, a ą ctM, and to:
H0pPpEq,Mb OPpEqpaqq “ 0, @M P PicpPpEqq,@a ą ct
M .
But the last condition is the pdimPpEq ´ 1q-ampleness of OPpEqp´1q and (i)ô(ii) follows.
The equivalence (ii)ô(iii) is a direct consequence of the duality theorem between the
pseudo-effective cone and the movable cone [9, Theorem 0.2]. l
Note that the notion of a pseudo-effective vector bundle used in [9, §7] is more restrictive.
It also requires that the projection of the non-nef locus of OPpEqp1q does not cover Y .
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1.3. q-positivity.
Proposition 1.7 (cf. [40, Proposition 1.7]). For a globally generated, locally free sheaf E
on Y , the following statements are equivalent:
(i) E is q-ample (cf. Definition 1.2);
(ii) The fibres of the morphism PpE_q Ñ |OPpE_qp1q| are at most q-dimensional.
We say that E is Sommese-q-ample if it satisfies any of these conditions.
Definition 1.8 (cf. [1, 17]) SupposeX is a smooth, complex projective variety. A line bundle
L on X is q-positive, if it admits a Hermitian metric whose curvature is positive definite on
a subspace of TX,x of dimension at least dimX ´ q, for all x P X; equivalently, the curvature
has at each point x P X at most q negative or zero eigenvalues.
Theorem 1.9 (i)(cf. [36, Theorem 1.4]) Assume E is globally generated. Then it holds:
E is Sommese-q-ample ô OPpE_qp1q is q-positive.
(ii)(cf. [8, 38]) Let L P PicpXq be q-positive and Y P |L| a smooth divisor. Then it holds:
HtpX;Zq Ñ HtpY ;Zq is
"
an isomorphism, for t ď dimX ´ q ´ 2;
surjective, for t “ dimX ´ q ´ 1.
Part I: Subvarieties with q-ample normal bundle
Hartshorne investigated in [26] the cohomological properties of subvarieties with ample
normal bundle and of their complements. Here we generalize a number of his results—those
in op.cit., Sections 5, 6—to subvarieties with cohomologically q-ample normal bundle. The
difficulty to overcome is that several statements, especially those needed to deduce the G2
property, are proved for curves with ample normal bundle; the general case is obtained by
induction. For this reason, we must reprove the statements involving curves.
Ba˘descu and Schneider [6] generalized Hartshorne’s results to subvarieties whose normal
bundle is Sommese-q-ample. They assume that the normal bundle is globally generated,
because the proof is based on dimensional reduction. Hence their applications concern mainly
subvarieties of homogeneous spaces and abelian varieties.
2. Finite dimensionality results
In this section we follow [26, Section 5].
Theorem 2.1 (cf. [26, Theorem 5.1, Corollary 5.4]) Let the situation be as in 1.1. Assume
that Y is lci and N is qN-ample. For any locally free sheaf F on X (of finite rank), holds:
HtpX,Fq is finite dimensional, for t ă dimY ´ qN.
In particular, if qN ď dimY ´ 1 and X is connected, then H0pX,OXq “ k.
Proof. Since HtpX,Fq “ limÐÝH
tpYa,F b OYaq, it is enough to prove that the sequence even-
tually becomes stationary. For F :“ F b OY , the exact sequences (1.1) yield:
¨ ¨ ¨ Ñ HtpY,F b SymapN_qq Ñ HtpYa,F bOYaq Ñ H
tpYa´1,F b OYa´1q Ñ . . .
The lci condition implies that Y is Gorenstein. The Serre duality and the qN-ampleness of N
imply the vanishing of the leftmost term, for a " 0. For the second statement, observe that
H0pX,OXq is an integral domain and also a finite dimensional k-algebra. l
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Corollary 2.2 (cf. [26, Corollary 5.3, 5.5])
(i) Let the situation be as in 2.1. Suppose L is an invertible sheaf on X, such that its
restriction to Y is qL-ample. Then holds:
HtpX,F b L´bq “ 0, for t ă dimY ´ pqN ` qLq, b " 0.
(ii) Let X be a non-singular projective scheme over k and Y a closed lci subscheme whose
normal bundle is qN-ample; let L be a qL-ample, invertible sheaf on X. Then the follow-
ing statements hold, for all coherent sheaves G on XzY :
p1q HtpXzY,Gq is finite dimensional, t ě dimX ´ dimY ` qN,
p2q HtpXzY,Gb Lbq “ 0, t ě dimX ´ dimY ` qN ` qL, b " 0.
Proof. (i) Denote F :“ F bOY , L :“ Lb OY ; by (1.1), it is enough to show:
HtpY, ωY b F
_ b SymapNq b Lbq “ 0, @t ą qN ` qL,@a ě 0, b " 0.
The sub-additivity property 1.4 implies that N‘L is pqN`qLq-ample. So the vanishing holds
for ωY b F
_ b Syma`bpN ‘ Lq, as soon as a` b ě ctF; in particular for a ě 0, b ě ctF. But
the latter contains ωY b F
_ b SymapNq b Lb as a direct summand.
(ii) Since X is non-singular, it is enough to consider G “ ωX b F
_, with F locally free on
X (cf. [27, Lemma III.3.2]). Let F ,L be the sheaves induced, respectively, by F,L on XˆY .
The exact sequence in local cohomology for Y Ă X and the formal duality (cf. [27, Theorem
III.3.3]) yield:
p1q ô HdimX´t´1pXˆY ,Fq is finite dimensional,
p2q ô HdimX´t´1pXˆY ,F b L
´bq “ 0.
It remains to apply 2.1 and (i) above, respectively. l
2.1. Cohomology of the complement. In [23, Expose´ XIII, Conjecture 1.3], Grothendieck
discusses the finite dimensionality of the cohomology groups of coherent sheaves on the com-
plement of lci subvarieties in projective spaces. Hartshorne addressed the issue for smooth
subvarieties (cf. [26, Corollary 5.7]). Here we extend his result to the relative setting.
Let S be an irreducible projective variety and E a locally free sheaf of rank r ě 2 on S. Let
X :“ PpE_q “ ProjpSym‚ Eq and π : X Ñ S be the natural projection. The Euler sequence
shows that the relative tangent bundle TX,π is π-relatively ample, so it is dimS-ample.
Corollary 2.3 Let the situation be as above. Suppose Y Ă X is a smooth family of subvari-
eties parametrized by S of relative codimension δ, dimY ą dimS; that is, dπY : TY Ñ π
˚
Y TS
is surjective and codimXpY q “ δ. Then H
tpXzY,Gq is finite dimensional, for all coherent
sheaves G on XzY and t ě dimS ` δ.
We remark that Hartshorne’s result corresponds to S “ tpointu.
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Proof. The exact diagram
0

0

0 // TY,πY
//

TY //

π˚Y TS
// 0
0 // TX,πæY //

TXæY

// π˚TSæY // 0
TX,πæY
M
TY,πY

NY {X

0 0
shows that NY {X is a quotient of TX,πæY , so is dimS-ample. Now apply 2.2. l
3. The G2 property
Here we generalize several results in [26, Section 6].
Lemma 3.1 (cf. [26, Lemma 6.1]) Let pY,OY p1qq be a projective variety. We consider an
invertible sheaf L and locally free sheaves E,F on Y . Denote
hFpa, bq :“ h
0pY,F b SymapE_q b L´bq.
The following properties are satisfied:
(i) There is a polynomial P
OY p1q,L,F
dimY`rkE´1pa, |b|q of total degree dimY ` rkE ´ 1 such that
hFpa, bq ď P
OY p1q,L,F
dimY`rkE´1pa, |b|q, for all pa, bq P Z
2;
(ii) If L is pdimY ´ 1q-ample, then it holds:
hFpa, bq “ 0, for b ě ct
OY p1q,L,E
1 ¨ a` ct
OY p1q,L,F
2 . (3.1)
(iii) If E is pdimY ´ 1q-ample, then it holds:
hFpa, bq “ 0, for a ě ct
OY p1q,E,L
1 ¨ b` ct
OY p1q,E,F
2 . (3.2)
Proof. We fix OY p1q sufficiently ample (cf. 1.3) and consider the regularity of the various
sheaves with respect to it. Also, we assume that Y is irreducible, otherwise we prove the
estimates on its components.
(i) Note that F_ bOY pc0q is globally generated, so F is a subsheaf of OY pc0q
‘rkF, for c0 " 0;
actually, it suffices to take c0 :“ maxt1, regF
_u. Thus it is enough to prove the statement
for F “ OY pc0q. Denote e :“ rkpEq. Similarly, we have E
_ Ă OY pa0q
‘e and L˘1 Ă OY pb0q,
where a0, b0 depend respectively on regE, regL
˘1 as above. It follows that:
SymapE_q b L´b Ă OY paa0q
‘pa`e´1e´1 q b OY p|b|b0q
ñ h0pY,OY pc0q b Sym
apE_q b L´bq ď
`
a`e´1
e´1
˘
¨ h0pY,OY paa0 ` |b|b0 ` c0qq.
It is well-known that h0pOY pkqq is bounded above by a polynomial in k, of degree dimY (cf.
[34, 1.2.33]). But
`
a`e´1
e´1
˘
is a polynomial in a of degree e´1; overall, we obtain a polynomial
in a, |b| of total degree dimY ` e´ 1.
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(ii) Let ωY be the dualizing sheaf of Y . There is c0 “ c0pY q ě 1 such that ωY b OY pc0q is
globally generated. A generic section induces an inclusion OY p´c0q Ă ωY , so:
h0pY,F b SymapE_q bL´bq ď h0pY, ωY b Fpc0q b Sym
apE_q b L´bq
“ hdimY pY,F_p´c0q b Sym
apEq b Lbq.
Claim The right hand-side vanishes for b as in (3.1).
Henceforth we replace F by Fp´c0q and verify the statement for h
dimY pF_bSymapEqbLbq.
In order to track the dependence of the constants on the various parameters, note that the
effect of replacing F ù Fp´c0q is regF
_ ù regF_ ´ c0, where c0 depends only on Y .
We observe that it is enough to prove the claim for Y reduced and for an arbitrary coherent
sheaf G on Y instead of F_. Indeed, for I :“ KerpOY Ñ OYredq, there is r ą 0 such that I
r “ 0.
Thus OY admits a filtration (similar to (1.1)) by the quotients I
k´1{Ik, 1 ď k ď r, which are
OYred-modules, and we may use the estimates for F
_ b pIk´1{Ikq on Yred, which is coherent.
Since Y is irreducible and reduced, we have H0pOY q “ k. The uniform q-ampleness
property (cf. 1.3) implies that there are constants depending only on OY p1q, such that:
HdimY pY,Gb Syma Eb Lbq “ 0, @b ě ct
OY p1q,L
1 ¨ regpGb Sym
a Eq ` ct
OY p1q,L
2 .
Since Syma E is a direct summand of Eba, the sub-additivity of the regularity (cf. 1.3(ii))
yields regpGb Syma Eq ď a ¨ regpEq ` regpGq, so (3.1) holds for:
b ě ct
OY p1q,L
1 ¨ pa ¨ regpEq ` regpGqq ` ct
OY p1q,L
2 .
The coefficient of a is indeed independent of G.
(iii) Again, we prove the estimate for Y reduced and F_ replaced by an arbitrary coherent
sheaf G on Y . By the uniform pdimY ´ 1q-ampleness, hdimY pGb SymapEq bLbq vanishes for
a ě ct
OY p1q,E
1 ¨ regpGb L
bq ` ct
OY p1q,E
2 .
It remains to apply 1.3(ii): regpGb Lbq ď b regL` reg G. l
Proposition 3.2 (cf. [26, Theorem 6.2, Corollary 6.6]) Let the situation be as in 1.1. We
assume that Y is lci and its normal bundle is pdimY ´ 1q-ample, of rank ν. For any locally
free sheaf F and invertible sheaf L on X, there is a polynomial of degree dimY ` ν such that:
h0pX,F b Lbq ď P Y,L,FdimY`νpbq, for b " 0.
Proof. Since Y is lci, ωY is invertible. We fix a sufficiently (Koszul) ample invertible sheaf A
on Y , such that A´1 Ă ωY . Let F,L be the restrictions of F ,L to Y , respectively. With the
notation of (3.2), for γ :“ ctA,N,L1 `1 and b ą ct
A,N,F
2 , we have the estimate:
h0pX,F b Lbq ď
8ÿ
a“0
h0pY,F b SymapN_q b Lbq “
γbÿ
a“0
h0pY,F b SymapN_q b Lbq.
Since F is a subsheaf of pAc0q‘rkF, for c0 “ maxt1, regF
_u, it is enough to prove the propo-
sition for F “ Ac0 .
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Consider S :“ PpOPpN_qp´1q‘OPpN_qq and denote by OSp1q the relatively ample invertible
sheaf on it. The right hand-side above can be re-written as follows:
rhs “
γbÿ
a“0
h0pY,Ac0 b SymapN_q b Lbq ď
γbÿ
a“0
h0pY, ωY bA
c0`1 b SymapN_q b Lbq
“
γbÿ
a“0
hdimY pY,A´c0´1 b SymapNq b L´bq
“
γbÿ
a“0
hdimY pPpN_q,A´c0´1 b OPpN_qpaq b L
´bq “ hdimY pS,A´c0´1 b OSpγbq b L
´bq.
But hdimY pS,OSpγbqbL
´bq is bounded above by a polynomial in b, depending on OSpγqbL
´1,
of degree at most dimS “ dimY ` ν (cf. [34, 1.2.33]). In order to include the term A´c0´1,
we use the exact sequence
0Ñ A´c0´1 Ñ OY Ñ OY1 Ñ 0, dimY1 “ dimY ´ 1,
which yields:
rhs ď hdimXpOSpγbq b L
´bq ` hdimX´1pOSpγbq b L
´bæY1q.
Of course, Y1 depends on c0, a posteriori on F. However, both terms are bounded above by
polynomials in b, of degree at most dimY ` ν and dimY ` ν ´ 1, respectively. l
Theorem 3.3 (cf. [26, Theorem 6.7]) Let the situation be as in 1.1. We assume:
– Y is connected, lci, dimY ě 1;
– the normal bundle N of Y is pdimY ´ 1q-ample.
Then the following statements hold:
(i) trdegkKpXq ď dimY ` rkN;
(ii) If trdegkKpXq “ dimY ` rkN, then KpXq is a finitely generated extension of k.
Proof. With our preparations, the proof is identical to loc. cit.. Let τ :“ trdegkKpXq and
choose a transcendence basis ξ1, . . . , ξτ P KpXq. Since X is regular, there are invertible sheaves
Li on X, i “ 1, . . . , τ , and sections s0i, s1i in Li such that ξi “ s1i{s0i. Then L :“ L1b¨ ¨ ¨bLτ
admits non-zero sections s0, s1, . . . , sτ such that ξi “ si{s0.
The ring R :“
ř
bě0
H0pX,Lbq is an integral domain, because Y is connected, and one has
the injective ring homomorphism:
RÑ KpXqrξs, σb ÞÑ
σb
sb0
¨ ξb, for σb P H
0pX,Lbq.
By Proposition 3.2, there is a polynomial P “ P Y,LdimY`ν such that:
h0pX,Lbq ď P pbq, for b " 0.
Then [26, Lemma 6.3] implies: trdegKpRq ď dimY ` ν ` 1. But krs0, s1, . . . , sτ s Ă R, so
τ ` 1 ď trdegKpRq, hence τ ď dimY ` ν.
Now assume that τ “ dimY ` ν. Then, by idem, Lemma 6.3, 6.4, we have:
– The extension kps0, s1, . . . , sτ q ãÑ KpRq is finite.
– R is integrally closed in KpXqrξs and the extension KpRq ãÑ KpXqpξq is algebraic, so
KpRq “ KpXqpξq.
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We conclude that kpξ1, . . . , ξτ q ãÑ KpXq is a finite extension. l
Corollary 3.4 (cf. [26, Corollary 6.8]) Let X be a projective scheme which is non-singular
in a neighbourhood of a closed, connected, lci subscheme Y Ă X. We assume that the normal
bundle NY {X is pdimY ´ 1q-ample. Then KpXˆY q is a finite extension of KpXq, in other
words Y is G2 in X.
Proof. Indeed, in this case KpXq is a subfield of KpXˆY q, so trdegkKpXˆY q ě dimX “
dimY ` ν, hence we are in the case (ii) of the previous theorem. l
The result is optimal, in the sense that one can not conclude that Y is G3 in X (cf. [27,
Example pp. 199], [5, Example 9.1]). In Section 8, we shall see several conditions which
ensure the G3 property.
3.1. A formality criterion. Our discussion yields a short proof of a result obtained in [12].
One says that the formal principle holds for a pair pX,Y q consisting of a scheme X and a
closed subscheme Y if the following condition is satisfied: for any other pair pZ, Y q such that
ZˆY – XˆY , extending the identity of Y , there is an isomorphism between e´tale neighbourhoods
of Y in X and in Z which induces the identity on Y .
Theorem 3.5 (cf. [12, Theorem 3]) Let X be a non-singular projective variety and Y Ă X
be a closed, connected, lci subscheme. Assume that NY {X is pdimY ´ 1q-ample. Then the
formal principle holds for the pair pX,Y q.
Note that this strengthens loc. cit., since Y is assumed only lci, rather than smooth.
Proof. Corollary 3.4 implies that Y is G2 in X. But Gieseker proved (cf. [21, Theorem 4.2],
[5, Corollary 9.20, 10.6]) that in this case the formal principle applies to pX,Y q. l
Griffiths and Commichau-Grauert obtained similar results in complex analytic setting. On
one hand, Griffiths investigates in [22] the formality/rigidity property described above, for
smooth subvarieties Y Ă X whose normal bundle is partially positive/negative. In [idem,
VI. §5, pp. 425], he considers subvarieties whose normal bundle NY {X admits a Hermitian
metric whose curvature has signature ps, tq, with s` t “ dimY , and proves in [ibid., II. §2, 3]
the rigidity of the embedding Y Ă X, as soon as s ě 2.
The concept of partial positivity/negativity of the normal bundle is inspired from Andreotti-
Grauert [1], who studied arbitrary vector bundles which admit Hermitian metrics whose cur-
vature has mixed signature. Their essential cohomological property is the following: if N
admits a Hermitian metric of signature ps, tq, then N is pdimY ´sq-ample (cf. [1, Proposition
28, pp. 257], [22, (7.28), pp. 432]).
On the other hand, Commichau-Grauert proved in [14, Satz 4] a formality/rigidity result
for subvarieties with 1-positive normal bundle. It turns out that a 1-positive vector bundle
on a smooth projective variety Y is pdimY ´ 1q-ample (cf. [14, Satz 2]).
We conclude that the cohomological approach adopted in this article yields under weaker
assumptions the rigidity results obtained in [22, 14].
4. Examples of subvarieties with partially ample normal bundle
4.1. Elementary operations.
Corollary 4.1 Let X be a non-singular projective variety. The following statements hold:
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(i) Let Y2 Ă Y1 Ă X be connected lci, dimY2 ě 1. Suppose NY2{Y1 ,NY1{X are respectively
q2-, q1-ample, q1 ` q2 ă dimY2. Then Y2 is G2 in X.
In particular, Y2 Ă X is G2, if NY1{X is ample and N
_
Y2{Y1
is not pseudo-effective.
(ii) Suppose Y1, Y2 are lci in X, codimpY1 X Y2q “ codimpY1q ` codimpY2q, and NYj{X is
qj-ample, for j “ 1, 2. Then NY1XY2{X is pq1 ` q2q-ample.
(iii) Suppose Yj Ă Xj are connected lci and NYj{Xj is pdimYj ´ 1q-ample (thus Yj Ă Xj is
G2), for j “ 1, 2. Then Y1 ˆ Y2 is lci and G2 in X1 ˆX2.
(iv) Let f : X 1 Ñ X be a surjective, flat morphism. Suppose Y Ă X is lci and NY {X is
pdimY ´ 1q-ample. Then Y 1 :“ f´1pY q Ă X is lci and NY 1{X1 is pdimY
1 ´ 1q-ample.
Proof. The statements are consequences of the sub-additivity properties 1.4 and 1.5.
(i) The sequence 0Ñ NY2{Y1 Ñ NY2{X Ñ NY1{XæY2
Ñ 0 implies that NY2{X is pq1`q2q-ample.
(ii) Note that Y1 X Y2 is lci in X and its normal bundle fits into:
0Ñ NY2{XæY1XY2
Ñ NY1XY2{X Ñ NY1{XæY1XY2
Ñ 0.
(iii) We apply Lemma 1.5 to NY1ˆY2{X1ˆX2 “ NY1{X1 ‘NY2{X2 and deduce that NY1ˆY2{X1ˆX2
is pdimY1 ` dimY2 ´ 1q-ample.
(iv) Note that NY 1{X1 “ f
˚NY {X . Since f is flat, its fibre dimension is constant. The claim
follows from Leray’s spectral sequence applied to Y 1 Ñ Y . l
Corollary 4.2 Suppose Y1, Y2 are lci in X, codimpY1 X Y2q “ codimpY1q ` codimpY2q, and
NYj{X is qj-ample, for j “ 1, 2. If Y1 X Y2 is connected and q2 ă dimpY1 X Y2q, e.g. q2 “ 0,
then Y1 X Y2 is G2 in Y1.
The connectedness and G3-property of the intersection of partially ample subvarieties is dis-
cussed in Section 9. The corollary says that the analogous G2-property holds under fairly
general circumstances.
Proof. Note that NY1XY2{Y1 – NY2{XæY1XY2
. l
4.2. Varieties whose cotangent bundle is not pseudo-effective. Suppose Y Ă X is a
smooth subvariety. Proposition 1.6 relates the pdimY ´1q-ampleness of the normal bundle of
Y to the non-pseudo-effectiveness of N_
Y {X . Since NY {X is a quotient of TX , one hopes that
Theorem 3.3 applies to (generic) subvarieties of projective varieties X such that OPpTXqp1q
is not pseudo-effective. Examples of projective varieties with OPpTXqp1q non-pseudo-effective
include uniruled varieties and, possibly, Calabi-Yau varieties.
Indeed, the canonical bundle of an uniruled variety X is not pseudo-effective (cf. [9]), hence
its cotangent bundle is the same (cf. [17, Theorem 6.7(a)]). One can explicitly see this as
follows: it is enough to find a moving curve ϕ “ pϕP , ϕZq : C Ñ P
1ˆZ, as in Proposition 1.6,
on a ruling P1 ˆ Z of X. Consider a complete intersection C Ă Z of high degree, so ϕZ
is the inclusion, and a finite morphism ϕP : C Ñ P
1. Then ϕ is movable because P1 is
homogeneous. The line bundle L “ OCpxq, x P C, on C is ample and L Ă ϕ
˚
P pTP1q, since
ϕ˚PTP1 is globally generated. Similarly, the normal bundle NC{Z is a direct sum of globally
generated line bundles of large degree, so HompL, ϕ˚ZNC{Zq is globally generated too. Hence
the inclusion L Ă ϕ˚TP1ˆZ is movable.
Candidates of varieties with non-pseudo-effective cotangent bundle include Calabi-Yau va-
rieties X. In [17, Corollary 6.12] it is proved that OPpTXqp1q is not pseudo-effective if its
non-nef locus of does not cover the whole X.
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Corollary 4.3 Let X be a projective variety whose cotangent bundle is not pseudo-effective.
Then the diagonal ∆X :“ tpx, xq | x P Xu is G2 in the product X ˆX.
(See 10.5 for the G3-property of the diagonal in the quasi-homogeneous case.)
Proof. The normal bundle of ∆X is isomorphic to TX and we conclude by 3.4. l
Notation 4.4 For shorthand, denote P :“ PpTXq and PY :“ PpTXæY q its restriction to Y ;
let π : PÑ X be the projection. Define MovpPY qQ Ă H2pPY ;Qq to be the cone generated by
the classes of movable curves on PY and MovpPqQ similarly.
If OPp1q is not pseudo-effective, there are numerous subvarieties Y Ă X with OPY p1q non-
pseudo-effective. Indeed, there is a reduced, movable curve M Ă P such that OPp1q ¨M ă 0,
of the form M “ σ˚M˜ , with P˜
σ
Ñ P birational and M˜ a complete intersection on P˜. Take
Y Ă X such that M Ă PY . Then M˜ Ă P˜Y :“ PY ˆP P˜ Ă P˜ is a complete intersection, so
M “ σ˚M˜ is movable on PY and OPY p1q ¨M ă 0.
Theorem 4.5 Let the notation be as above and assume that OPp1q is not pseudo-effective.
Consider a smooth irreducible subvariety Y Ă X such that OPY p1q is not pseudo-effective,
too. Then NY {X is pdimY ´ 1q-ample, so Y is G2.
Proof. Indeed, TXæY is pdimY ´ 1q-ample, so NY {X is the same. l
One may ask if one can weaken the condition on OPp1q. The answer is negative, for
sufficiently general subvarieties. Hence, ifX has pseudo-effective cotangent bundle and Y Ă X
is a general subvariety, the partial ampleness of NY {X has to be verified directly.
Proposition 4.6 Let Y Ă X be a positive-dimensional subvariety and
ι˚ : H2pPY ;Qq Ñ H2pP;Qq
be the homomorphism induced by the inclusion. In the situations enumerated below, holds:
ι˚
`
MovpPY q
˘
Q
Ď MovpPqQ. (4.1)
(i) An algebraic group G acts on X with an open orbit O, such that the stabilizer of a point
x P O acts with open orbit on TX,x and Y XO ‰ H.
(ii) Y is a movable, very general subvariety of X and k is uncountable.
Hence, if OPY p1q is not pseudo-effective, then OPp1q is the same.
Proof. (i) The hypothesis implies that the G-translates of a movable curve on PY cover an
open subset of PpTXq.
(ii) Let S be an affine parameter space, YS Ă S ˆ X an S-flat family of subvarieties of
X. Curves on X are parametrized by their Hilbert polynomial with respect to OXp1q, of
degree one, with integer coefficients. Let Π be the set of polynomials which occur as Hilbert
polynomials of movable curves on Ys, for s P S; it is a countable set.
For P P Π, denote by HilbPYS{S
πPÑ S the corresponding relative Hilbert scheme; it is
projective over S. We are interested only in the components corresponding to curves. For
s P S, let Πs Ă Π be the set of polynomials Ps such that πPs is not dominant; denote
Πrigid :“
Ť
sPS
Πs. The image of Hilb
Πrigid
YS{S
Ñ S is a countable union of proper subvarieties.
Take s1 P S in the complement (k is uncountable); let Ps1 be the Hilbert polynomial of some
movable curve Cs1 Ă Ys1 . Then Ps1 R Πrigid, by the choice of s
1, so Hilb
Ps1
YS{S
πP
s1ÝÑ S dominates
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S, hence πPs1 is surjective. Let Π
1 :“ ΠzΠrigid. The components of Hilb
Π1
YS{S
(corresponding
to movable curves) dominate S, so they are flat over the very general point o P S.
We claim that movable curves on Yo are movable on X. Indeed, for Po as above, consider
the universal curve CS Ă Hilb
Po
YS{S
ˆSYS . The family Co Ă Hilb
Po
Yo
ˆYo covers an open subset
of Yo. The continuity of the S-morphism Hilb
Po
YS{S
ˆSYS Ñ YS implies that the same holds
for Cs Ă Hilb
Po
Ys
ˆYs, for s in a neighbourhood of o P S. Finally, YS Ñ X is dominant, so CS
covers an open subset of X. l
For k “ C and X Ka¨hlerian, results obtained by Boucksom imply: if OPp1q is pseudo-
effective and Y Ă X is such that PY is not contained in the non-nef locus of OPp1q, then
OPY p1q is pseudo-effective too. For the converse, however, it is not clear on which subvarieties
should one check the non-pseudo-effectiveness of OPp1q.
Part II: q-ample subvarieties of projective varieties
Ottem introduced in [38] the notion of an ample subvariety of a projective variety and
studied the corresponding properties. In what follows, we generalize this concept and define
partial ampleness for subvarieties. A number of results extend to this setting.
Related to the discussion in Part I, the normal bundle of partially ample, lci subvarieties
are partially ample, but, additionally, one controls the cohomological dimension of their com-
plement. Therefore, partially ample subvarieties enjoy the stronger G3 property.
5. Definition and first properties
Definition 5.1 (cf. [38, Definition 3.1]) Let X be a projective variety over the ground field
k and Y Ă X a subscheme of codimension δ. We denote X˜ :“ BlY pXq the blow-up of IY and
EY Ă X˜ the exceptional divisor.
We say that Y is a q-ample subscheme of X if the invertible sheaf OX˜pEY q is pq ` δ ´ 1q-
ample. That is, for any locally free, hence for any coherent, sheaf F˜ on X˜ holds:
HtpX˜, F˜ b OX˜pmEY qq “ 0, @ t ě q ` δ, @m " 0. (5.1)
Remark 5.2 (i) For q “ 0 one recovers the ample subschemes introduced by Ottem.
(ii) Ample subvarieties are equidimensional (cf. [38, Proposition 3.4]). This is not necessarily
true for q ą 0. Indeed, let X :“ P2 and Y :“ tx “ 0u Y ty “ z “ 0u. Then X˜ “ BlY pP
2q is
isomorphic to the blow-up of P2 at r1 : 0 : 0s—we denote it by ĂP2 and by E the exceptional
divisor—, and OX˜pEY q “ OP2p1q bOĂP2pEq. For m ě 1, the exact sequence
0Ñ H1
`
OP2pmq b OĂP2ppm´ 1qEq˘Ñ H1`OP2pmq b OĂP2pmEq˘Ñ H1pOEp´mqq Ñ 0,
shows that the middle term does not vanish, so OX˜pEY q is 1-ample, hence Y Ă P
2 is 1-ample.
Proposition 5.3 (i) Let f : X Ñ S be flat, projective morphism and let Y be a lci closed
subscheme of X such that fY : Y Ñ S is flat. Assume that there is a point o P S such that Yo
is q-ample in Xo. Then there is an open neighbourhood U of o such that for each s P U , Ys
is q-ample in Xs.
(ii) Let Y be a subscheme of a projective variety X and let Y¯ be its integral closure. Then Y
is q-ample in X if and only if Y¯ is. In particular, a subscheme Y is q-ample if and only if
the subscheme Y associated to a reduction is.
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Proof. See [38], Theorem 6.1 and Proposition 6.8, respectively. l
Proposition 5.4 (cf. [38, Theorem 5.4]) A subscheme Y Ă X is q-ample if and only if the
following conditions are satisfied:"
OEY pEY q is pδ ` q ´ 1q-ample,
cdpXzY q ď δ ` q ´ 1.
(Recall that cdpXzY q ě δ ´ 1 for any Y of codimension δ.)
Proof. pñq By [42, Theorem 6.3], it is enough to check the partial ampleness property for
sheaves F˜EY , where F˜ “ A˜
´k, k ě 1, A˜ P PicpX˜q is ample. The sequence
0Ñ F˜ppm´ 1qEY q Ñ F˜pmEY q Ñ F˜EY pmEY q Ñ 0, (5.2)
implies HtpF˜EY pmEY qq “ 0 for t ě δ ` q and m " 0. Second, [38, (5.1)] implies that
HtpXzY, F˜q “ limÝÑH
tpX˜, F˜pmEY qq, which vanishes for t ě δ ` q.
pðq Let F˜ be a locally free sheaf on X˜. For t ě δ ` q, (5.2) shows that the dimension of
HtpX˜, F˜pmEY qq is eventually constant. But the limit is H
tpXzY, F˜q which vanishes, by the
assumption on the cohomological dimension. l
The proposition breaks the issue of deciding the partial ampleness of a subscheme Y Ă X
into a local and a global problem. The partial ampleness of the normal sheaf is typically
easier to verify. Unfortunately, it is more difficult to control the cohomological dimension of
the complement (cf. [37, 35]).
For k “ C, a result due to Andreotti-Grauert [1, Corollaire, pp. 250] says that cdpXzY q ă q
if XzY is a strongly q-complete analytic variety. (That is, XzY admits an exhaustion function
which is strongly q-convex.)
Proposition 5.5 Assume that X is a Cohen-Macaulay variety and Y is pdimY ´ 1q-ample.
Then the following statements hold:
(i) Y is connected;
(ii) If moreover Y is Cohen-Macaulay, then Y is also equidimensional.
Proof. (i) Proposition 5.4 implies that cdpXzY q ď dimX ´ 2. According to [27, Ch. III,
Theorem 3.4], H0pX,OX q Ñ H
0pXˆY ,OXˆY q is an isomorphism, so Y is connected. (Note that
the reference requires X to be smooth. However, this assumption is used only to apply the
Serre duality, cf. loc. cit., proof of Theorem 3.3.)
(ii) By the unmixedness theorem, local Cohen-Macaulay rings are equidimensional. l
Proposition 5.6 Let Y Ă X be a subscheme. We consider the conditions:
(a) Y is q-ample;
(b) For all locally free sheaves F on X, we have:
HtpX,F b ImY q “ 0, @ t ď dimY ´ q, @m ě ct
F . (5.3)
Then the following statements hold:
(i) If X˜ is Cohen-Macaulay, then (a) ñ (b).
In particular, if q ď dimY ´ 1, Y is connected.
(ii) If X˜ is Gorenstein, then (a) ô (b).
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Proof. (i) Since OX˜p´EY q is relatively ample for X˜ Ñ X, form " 0, Leray’s spectral sequence
and the Serre duality on X˜ yield the following isomorphisms:
HtpX,F b ImY q – H
tpX˜,F b OX˜p´mEY qq – H
dimX´tpX˜, ωX˜ b F
_ b OX˜pmEY qq.
(ii) In this case ωX˜ is an invertible sheaf. The previous equation shows that the condition
(5.1) holds for invertible sheaves ωX˜ bL, with L P PicpXq; we need to prove that it holds for
an arbitrary coherent sheaf F˜ on X˜ .
We consider A P PicpXq ample such that Ap´EY q is ample on X˜. For c ą 0 such that
pF˜ b ω´1
X˜
q bAp´EY q
c is globally generated, we have the exact sequence:
0Ñ F˜1 :“ Kerpεq Ñ
`
ωX˜ bA
´c bOX˜pcEY q
˘‘N ε
Ñ F˜ Ñ 0, pfor some N ą 0q.
The inductive argument in [38, Lemma 2.1] yields the conclusion. Indeed, the previous
discussion shows that HjpF˜pmEY qq Ă H
j`1pF˜1pmEY qq, for j ě codimY ` q and m " 0. By
repeating the argument for F˜1, etc., we obtain the desired cohomology vanishing for F˜. 
Remark 5.7 (i) In conjunction with 5.6(i), recall that any projective scheme X admits a
birational modification X˜ Ñ X such that X˜ is Cohen-Macaulay (cf. [33]). This can be
interpreted as the blow-up of some subscheme Y Ă X.
(ii) The Gorenstein property of the blow-up and of the Rees algebra has been investigated
by several authors (cf. [31] and the references therein). An important situation, which covers
many geometric applications, is when X is smooth and Y Ă X is lci.
As we shall see, sometimes it is convenient to work with the ‘positivity’, as opposed to the
‘ampleness’, of various objects. For this reason, we introduce the following ad hoc terminology.
Definition 5.8 The subscheme Y of X is (has the property) pą0 if, for all locally free sheaves
F on X, holds: HtpX,F b ImY q “ 0, @ t ď p, @m ě ct
F .
If X˜ is Gorenstein, our discussion shows: Y is pą0 ô Y is pdimY ´ pq-ample.
A simple criterion. The computation of the ampleness of a subvariety is not straightfor-
ward, in general. However, this task becomes easy in the situation described below. In the
sections 10.2, 10.3 we apply the criterion to zero loci of sections in globally generated vector
bundles and to sources of Gm-actions, respectively.
Proposition 5.9 Let Y be a subscheme of X. Assume that there is a scheme V , and a
morphism
φ : X˜ “ BlY pXq Ñ V
such that OX˜pEY q is φ-relatively ample. Then Y Ă X is q-ample, for
q :“ 1` dimφpX˜q ´ codimXpY q.
If X˜ is Gorenstein (e.g. X is smooth, Y is lci), then Y is pą0, for p :“ dimX´dimφpX˜q´1.
Proof. Let F˜ be a coherent sheaf on X˜. Since OX˜pEY q is relatively ample, it holds:
Rtφ˚pF˜ b OX˜pmEY qq “ 0, t ą 0, m " 0.
For j ě codimXpY q ` q ą dimφpX˜q, we have
Hj
`
X˜, F˜ b OX˜pmEY q
˘
“ Hj
`
V, φ˚pF˜ b OX˜pmEY qq
˘
.
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But the right hand-side vanishes, because Suppφ˚pF˜ b OX˜pmEY qq is at most dimφpX˜q-
dimensional. 
Proposition 5.10 Let the situation be as in 5.9, k “ C, and X,Y smooth. Then holds:
HtpX;Zq Ñ HtpY ;Zq is:
"
an isomorphism, for t ď p´ 1;
surjective, for t “ p.
In particular, if p ě 3, then PicpXq Ñ PicpY q is an isomorphism.
Proof. We claim that OX˜pEY q is dimφpX˜q-positive. Indeed, OX˜pEY q is φ-relatively ample,
so there is an embedding X˜
ι
Ñ PN ˆV (over V ) such that OX˜pm0EY q “ ι
˚pOPN p1qbMq, for
some m0 ą 0, M P PicpV q. Take the Fubini-Study metric on OPN p1q and an arbitrary one on
M. We conclude by Theorem 1.9(ii). l
6. Equivalent characterization and elementary operations
The goal of this section is to study the behaviour of partial ampleness under various natural
operations: intersection, pull-back, product. Combined with Theorem 8.1, one obtains various
sufficient criteria for a subvariety to be G3 in the ambient space.
Assumption. In this section, we assume that X is smooth and Y is lci.
Proposition 6.1 Let f : X 1 Ñ X be a flat, surjective morphism, with X,X 1 smooth. If
Y Ă X is lci and pą0, then Y 1 :“ f´1pY q Ă X 1 is the same.
Proof. Since f is flat, Y 1 is lci in X 1 and codimX1pY
1q “ codimXpY q “ δ. We check the
property (5.1). The universality property of the blow-up (cf. [28, Ch. II, Corollary 7.15])
yields the commutative diagram:
X˜ 1 “ BlY 1pX
1q

f˜
// X˜ “ BlY pXq

X 1
f
// X.
The fibres of f and f˜ have the same dimension—let it be d—and f˜˚OX˜pEY q “ OX˜1pEY 1q.
For any coherent sheaf G˜ on X˜ 1 holds:
Rif˜˚pG˜b OX˜1pmEY 1qq “ R
if˚G˜b OX˜pmEY q, R
j f˜˚G˜ “ 0, j ą d.
As Y Ă X is pą0, we deduce:
Ht
`
X˜,Rif˜˚G˜b OX˜pmEY q
˘
“ 0, for i “ 0, . . . , d, t ě pdimX ´ pq, and m " 0.
The Leray spectral sequence implies that EY 1 is
`
pdimX ´ pq ` d´ 1
˘
-ample. l
Proposition 6.2 For Y Ă X irreducible and lci, it holds:
Y is pą0 ô
#
the normal sheaf N “ NY {X is pdimY ´ pq-ample,
the cohomological dimension cdpXzY q ď dimX ´ pp` 1q.
(6.1)
Proof. Apply 5.4: EY “ Proj
`
Sym‚pIY {I
2
Ylomon
“N_
q
˘
“ PpNq and OEY pEY q “ OPpNqp´1q. l
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Proposition 6.3 Suppose Z Ă Y is pą0, Y Ă X is rą0, and both are irreducible lci. Then
it holds: #
NZ{X is
`
dimY ` dimZ ´ pr ` pq
˘
-ample,
cdpXzZq ď dimX ´ pmintr, pu ` 1q.
(6.2)
In particular, Z Ă X is
`
p´ pdimY ´ rq
˘ą0
.
Proof. The first inequality is proved in 4.1(i). The bound on the cohomological dimension is
analogous to [38, Proposition 6.4]; we recall the proof here. Let UZ :“ XzZ,UY :“ XzY and
consider an arbitrary sheaf G on X. In the exact sequence
. . .Ñ H iY zZpUZ ,Gq Ñ H
ipUZ ,Gq Ñ H
ipUY ,Gq Ñ . . . ,
the right hand-side vanishes for i ě dimX ´ r, because Y Ă X is rą0. We claim that the left
hand-side vanishes too, for i ě dimX ´ p. Indeed, it can be computed by using the spectral
sequence (cf. [23, Expose´ I, The´ore`me 2.6]):
HbpUZ ,H
a
Y zZpGqq ñ H
a`b
Y zZpUZ ,Gq,
where Ha
Y zZpGq stands for the local cohomology sheaf with support on Y zZ. The term on the
left has the following properties:
‚ Ha
Y zZpGq “ limÝÑ
m
ExtapOUZ {I
m
Y zZ ,Gq (cf. [23, Expose´ II, The´ore`me 2]), the Ext groups are
supported on Y zZ, and Z Ă Y is pą0, hence HbpUZ ,H
a
Y zZpGqq “ 0, @ b ě dimY ´ p;
‚ Ha
Y zZpGq “ 0, @ a ě dimX ´ dimY ` 1, because Y Ă X is lci.
We deduce: H i
Y zZpUZ ,Gq “ 0, for i ě pdimX ´ dimY q ` pdimY ´ p´ 1q ` 1. l
The lack of sufficient positivity of the normal bundle NZ{X prevented us to conclude that
Z Ă X is mintr, puą0. However, we shall see in Proposition 7.4 that this is close to be true.
Proposition 6.4 (i) Let Y1, Y2 Ă X be respectively q1-, q2-ample lci subvarieties such
that codimpY1XY2q “ codimpY1q` codimpY2q. Then Y1XY2 Ă X is pq1` q2q-ample.
(ii) Suppose Yj Ă Xj are lci and p
ą0
j , for j “ 1, 2. Then Y1 ˆ Y2 Ă X1 ˆ X2 is
mintp1, p2u
ą0.
Proof. (i) By 4.1, NY1XY2{X is pq1 ` q2q-ample. The Mayer-Vietoris sequence for a coherent
sheaf G on XzpY1 X Y2q is:
Ñ H i´1
`
XzpY1 Y Y2q,G
˘
Ñ H i
`
XzpY1 X Y2q,G
˘
Ñ H i
`
XzY1,G
˘
‘H ipXzY2,Gq Ñ .
Since XzpY1 Y Y2q is closed in pXzY1q ˆ pXzY2q, we have:
cd
`
XzpY1 Y Y2q
˘
ď cdpXzY1q ` cdpXzY2q ď q1 ` q2 ` δ1 ` δ2 ´ 2.
It follows cd
`
XzpY1 X Y2q
˘
ď q1 ` q2 ` codimpY1 X Y2q ´ 1, hence Y1 X Y2 is pq1 ` q2q-ample
(cf. Proposition 6.2).
(ii) We showed in 4.1 that NY1ˆY2{X1ˆX2 is q-ample, with q “ dimY1 ` dimY2 ´mintp1, p2u.
Second, we have: X1 ˆX2zY1 ˆ Y2 “ pX1zY1q ˆX2looooooomooooooon
“O1
Y X1 ˆ pX2zY2qlooooooomooooooon
“O2
.
Since cdpO1 XO2q ă dimpX1 ˆX2q ´ pp1 ` p2q ´ 1, cdpOjq ă dimpX1 ˆX2q ´ pj, j “ 1, 2,
the Mayer-Vietoris sequence implies that cdpO1 YO2q ă dimpX1 ˆX2q ´mintp1, p2u. l
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7. Weak positivity
Throughout this section we assume that X is a non-singular projective variety. We define
a weak positivity property for a subscheme, suggested by the condition 5.8. This concept
allows to prove a sort of transitivity for the pą0-property (cf. Proposition 7.4).
Definition 7.1 We say that a subscheme Y Ă X is pÁ0 (weakly pą0) if there is a decreasing
sequence of sheaves of ideals tJmum such that the following conditions hold:
‚ @m,n ě 1 Dm1 ą m, n1 ą n such that Jm1 Ă I
m
Y , I
n1
Y Ă Jn;
‚ for any locally free sheaf F on X,
D ctF ě 1 such that Ht
`
X,F b Jm
˘
“ 0, @ t ď p @m ě ctF .
(7.1)
Obviously, Y is pÁ0 if and only if Yred is p
Á0.
Lemma 7.2 Assume that Y Ă X is lci and pÁ0. Then we have:
cdpXzY q ď dimX ´ pp` 1q.
Proof. Since X is non-singular, it holds (cf. [27, Proposition III.3.1]):
cdpXzY q ă c ô HtpXzY,Lq “ 0, @L P PicpXq, @t ě c.
We have XzY – X˜zEY and H
tpX˜zEY ,Lq “ limÝÑH
tpX˜,LpmEY qq, (cf. [38, (5.1)]). Since
PicpX˜q – PicpXq ‘ ZEY , we have ωX˜ b L
´1 – MplEY q for some M P PicpXq, l P Z. The
Serre duality on X˜ implies that it is enough to verify:
limÐÝH
jpX,Mb ImY q “ 0, @M P PicpXq, @j ď dimX ´ c.
The defining property of the sequence tJnun together with the universality property of the
projective limit yields: limÐÝH
jpX,M b ImY q “ limÐÝH
jpX,M b Jnq. By hypothesis, the right
hand-side vanishes for j ď p. l
Corollary 7.3 Let X be a non-singular projective variety over C and Y a non-singular pÁ0
subvariety.
(i) (cf. [38, Corollary 5.2]) HtpX;Qq Ñ HtpY ;Qq is an isomorphism, for t ď p ´ 1, and
injective for t “ p.
(ii) Suppose p ě 3. Then the following statements hold:
(a) The homomorphism PicpXq Ñ PicpXˆY q is bijective.
(b) Pic0pXq Ñ Pic0pY q is a finite morphism and NSpXq Ñ NSpY q has finite index.
Hence, Pic0pXq “ 0 implies Pic0pY q “ 0 and PicpY q is finitely generated (cf. [26,
Corollary 8.6]).
Proof. (i) See loc. cit..
(ii)(a) By [26, Lemma 8.3], one has the exact sequence:
H1pX;Zq Ñ H1pXˆY ;OXˆY q Ñ PicpXˆY q Ñ H
2pX;Zq Ñ H2pXˆY ;OXˆY q.
But HjpXˆY ;OXˆY q “ limÐÝ
m
HjpOX{I
m
Y q “ limÐÝ
n
HjpOX{Jnq “ H
jpOXq, for j “ 1, 2. Note that
PicpXq fits into a similar sequence. The previous step and the five lemma yields the conclusion.
(ii)(b) The Hodge decomposition implies that HtpX,OX q Ñ H
tpY,OY q are isomorphisms, for
t “ 1, 2. It remains to use the exponential sequences for X and Y . l
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Proposition 7.4 Let Z Ă Y and Y Ă X be non-singular pą0 subvarieties. Then Z Ă X is
pÁ0. In particular, for all locally free sheaves F on X holds:
resXZ : H
tpX,Fq Ñ HtpXˆZ ,Fq is
! - an isomorphism, for t ď p´ 1,
- injective, for t “ p.
(7.2)
Proof. The completion OˆX,z of the local ring at a point z P Z is isomorphic to a ring of formal
power series. Consider ξ1, . . . , ξu, ζ1, . . . , ζv P OX,z, whose images in OˆX,z are independent
variables, such that IY,z “ xξy “ xξ1, . . . , ξuy and IZ,z “ xξ, ζy “ xξ1, . . . , ξu, ζ1, . . . , ζvy. For
l ě a, a direct computation yields IaY,z X I
l
Z,z “
lř
i“a
xξyi ¨ xζyl´i “ IaY,z ¨ I
l´a
Z,z , which implies
pIlZ,z ` I
a
Y,zq{I
a
Y,z – I
l
Z,z{I
a
Y,z ¨ I
l´a
Z,z . We obtain the exact sequences:
0Ñ
IaY
Ia`1Y
b
ˆ
IZ
IY
˙l´a
Ñ
IlZ ` I
a`1
Y
Ia`1Y
Ñ
IlZ ` I
a
Y
IaY
Ñ 0, @ l ě a` 1. (7.3)
The left hand-side is an OY -module: IZ{IY “ IZĂY is the ideal of Z Ă Y and I
a
Y {I
a`1
Y “
SymaN_
Y {X .
Let F be a locally free sheaf on X. The pą0 property implies that there are a linear
function lpkq “ ct1¨ k ` ct2 (with ct1, ct2 independent of F) and integers kF, lF, with the
following properties:
HtpF b IkY q “ 0, @ t ď p, @ k ě kF,
HtpFY b I
l
ZĂY q “ 0, @ t ď p, @ l ě lF,
HtpFY b Sym
aN_
Y {X b I
l´a
ZĂY q “ 0, @ t ď p, @ a ď k, @ l ě lpkq.
For the last claim, one applies the uniform q-ampleness property (cf. 1.3):
– There is a function linearprq such that for any locally free sheaf F with regularity
regpFY q ď r holds: H
tpFY b I
l
ZĂY q “ 0, @ t ď p, l ě linearprq.
– If a ď k, then regpFY b Sym
aN_
Y {Xq ď linearpkq.
Recursively for a “ 1, . . . , k, starting with
Il
Z
`IY
IY
“ IlZĂY , the exact sequence (7.3) yields:
Ht
´
F b
Il
Z
`Ik
Y
Ik
Y
¯
“ 0, @t ď p, @ l ě lpkq.
Now tensor 0Ñ IkY Ñ I
l
Z ` I
k
Y Ñ
Il
Z
`Ik
Y
Ik
Y
Ñ 0 by F and deduce:
Ht
`
F b pIkY ` I
l
Zq
˘
“ 0, @ t ď p, @ k ě kF, @ l ě lpkq.
Note that the subschemes Zl,k defined by I
k
Y ` I
l
Z are ‘asymmetric’ thickenings of Z in X.
The sequence of ideals Jk :“ I
k
Y ` I
k`lpkq
Z satisfies the property (7.1): indeed,
Jk1 Ă I
k
Z , for k
1 ě k, Im
1
Z Ă Jm, for m
1 ě m` lpmq.
Thus Z Ă X is pÁ0. The Lemma 7.2 implies that cdpXzZq ă dimX ´ p, hence (7.2) holds
by [27, Theorem III.3.4(b)]. l
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8. The G3 property
As already mentioned, in this section we shall see that partially ample subvarieties are G3
in the ambient space, not only G2 as in Section 3. Thus we obtain extension criteria for
formal meromorphic functions in a number of situations. The key to deduce the G3 property
is the following result due to Speiser.
Theorem (cf. [27, Corollary V.2.2]) Let X be a non-singular projective variety and Y a
closed subscheme. The statements below are equivalent:
(i) Y is G3 and intersects every effective divisor on X;
(ii) Y is G2 and cdpXzY q ď dimX ´ 2.
Theorem 8.1 Let X be a non-singular projective variety and Y Ă X be a pdimY ´1q-ample
lci subvariety. Then Y Ă X is G3.
Proof. By Propositions 5.6, 6.2, Y is connected, cdpXzY q ď dimX´2, and the normal bundle
of Y is pdimY ´ 1q-ample. Corollary 3.4 implies that Y Ă X is G2 and it remains to apply
Speiser’s result. l
The difficulty in proving the 1ą0 property of a subvariety is to control the cohomological
dimension of its complement. Our strategy is to apply Speiser’s theorem that is, we show the
G3 property by a direct argument. In order to achieve this goal we use a variant of a result
due to Chow and Ba˘descu-Schneider (cf. [13, 5]).
Assumption. Let Y Ă S ˆX be a S-flat family of irreducible subvarieties of a non-singular
variety X, parametrized by an irreducible quasi-projective variety S. We assume that the
following conditions hold:
(i) ρ : Y Ñ X is dominant (we say that Y is movable);
(ii) Ys XD ‰ H, for any s P S and every effective divisor D on X.
(8.1)
Theorem 8.2 Let the situation be as in (8.1) and suppose X is algebraically simply con-
nected. If Yo is G2 in X, for some o P S, then it is actually G3.
Proof. The argument is analogous to [5, Theorem 13.4(ii)]. There is a normal, irreducible,
projective variety X 1, a G3 subvariety Y 1o Ă X
1, and a morphism
f : pX 1, Y 1oq Ñ pX,Yoq
such that f is e´tale in a neighbourhood of Yo (cf. [5, Corollary 9.20]). We are going to prove
that f is e´tale everywhere, so X 1 “ X since X is simply connected, hence Yo Ă X is G3.
Let ∆1 Ă X 1 be the ramification divisor of f and ∆ :“ f˚p∆
1q; it is an effective divisor
on X and we want ∆ “ H. We show that a generic deformation of Yo avoids ∆, which is
impossible by our hypothesis. Let us consider the diagram:
Y 1σ¯
//
ϕσ¯

Y 1σ
//
ϕσ

Y 1 :“ Y ˆX X
1 ρ
1
//
ϕ

X 1
f

Yσ¯ //

Yσ //

Y
ρ
//
π

X
σ¯ :“ SpecpKpSqq // σ :“ SpecpKpSqq // S
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The ramification divisor of ϕ is ∆1 :“ pρ
1q´1p∆1q. It is enough to prove that ∆1 X Y
1
σ “ H;
in this case, ∆X Ys “ H for s P S generic. Moreover, it suffices to verify ∆1 X Y
1
σ¯ “ H, that
is ϕσ¯ is e´tale.
First we observe that, since Y 1 Ă pS ˆXq ˆX X
1 “ S ˆX 1 and ρ is dominant, Y 1σ Ă X
1 is
dense, thus irreducible. Second, Yo ˆX Y
1
o – Yo is an irreducible component of Y
1
o “ ϕ
´1poq,
and ϕ is e´tale in its neighbourhood. But Yo ˆX Y
1
o is the specialization of some irreducible
component Z of the fibre of Y 1σ¯ Ñ Yσ¯, so ϕσ¯ : Z Ñ Yσ¯ is e´tale. Since Y
1
σ is irreducible, the
components of Y 1σ¯ are conjugate under the Galois group Gal
`
KpSq{KpSq
˘
. We conclude that
ϕσ¯ is e´tale everywhere. l
Theorem 8.3 Let X be a non-singular, algebraically simply connected variety. Consider a
family of lci subvarieties Y as in (8.1), such that N_
Yo{X
is not pseudo-effective for some o P S.
Then Yo is a 1
ą0 subvariety of X.
Hence, sufficiently general movable subvarieties of rationally connected varieties are 1ą0.
Proof. Since the normal bundle NYo{X is pdimYo ´ 1q-ample, Corollary 3.4 implies that Yo is
G2 in X; the previous theorem shows that it is actually G3. It also intersects every divisor, so
Speiser’s result yields cdpXzYoq ď dimX ´ 2. We deduce that Yo is 1
ą0, by Proposition 6.2.
The last claim follows from the fact that rationally connected varieties are algebraically
simply connected (cf. [15, Corollary 4.18]). l
In section 10 we shall see that the theorem applies to quasi-homogeneous varieties (in
contrast to [5, Section 13]). This yields many new examples of G3 subvarieties.
8.1. Intersections with divisors. Here we discuss two fairly independent situations where
the condition (8.1)(ii) is satisfied:
‚ every effective divisor on X is semi-ample that is, a multiple is globally generated;
‚ the family Y is strongly movable.
8.1.1. Minimal Mori dream spaces. They are the prototype of varieties whose effective divisors
are semi-ample (cf. [32, Proposition 1.11]). Examples include Fano varieties, numerous toric
and spherical varieties, and also GIT-quotients.
Corollary 8.4 Let X be a smooth, algebraically simply connected, projective variety, such
that every effective divisor on it is semi-ample. Suppose Y is a movable lci subvariety of X,
such that its normal bundle is pdimY ´ 1q-ample. Then Y is G3, actually 1ą0, in X.
Proof. In order to apply 8.3, it is enough to show that Y intersects every effective divisor D
on X non-trivially. Suppose there is D such that Y ¨D “ 0. Since mD is globally generated
for some m ě 1, Y must be contained in a fibre F of X
φ
Ñ |mD|; the same holds for all the
deformations of Y . Note that dim |mD| ě 1.
Since Y is movable, after possibly replacing Y by a deformation, we may assume that F
is a regular fibre of φ. Then NF {XæY (which is trivial, of rank at least one) is a quotient of
NY {X (which is pdimY ´ 1q-ample). This is impossible. l
8.1.2. Strongly movable families. The concept of strongly movable subvarieties was introduced
by Voisin, in the attempt to geometrically characterize big subvarieties of projective varieties
(cf. [43, Section 2]).
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Notation 8.5 Let Y
pπ,ρq
Ă S ˆX be a family of lci subvarieties of X, with ρ dominant; then
ρpYq contains an open subset O of X. The incidence variety Σ is the irreducible component
of pπ, πqpY ˆX Yq which contains the diagonal; π is a projective morphism, so Σ Ă S ˆ S is
closed. One obtains the diagram:
YΣ :“ ΣˆSˆS pY ˆX Yq //
ρΣ
,,

Y ˆX Y
pπ,ρq
//
pπ,πq

S ˆX.
Σ :“ Imagepπ, πq
ι
// S ˆ S
(8.2)
For o P S, we denote Σo :“ ι
´1po, Sq and ρo :“ ρΣæΣo .
Definition 8.6 (i) The family Y is strongly movable, if ρΣ is dominant.
(ii) The variety X is Y-chain connected in codimension one, if there is an open subset
O Ă ρpYq satisfying the following properties:
‚ codimXpXzOq ě 2, and
‚ @x, x1 P O, Ds0, . . . , sn P S, x P Ys0 , x
1 P Ysn , Ysj´1 X Ysj ‰ H, j “ 1, . . . , n.
For simplicity, we call such a sequence pYs0 , . . . , Ysnq a Y-chain.
Obviously, if Y is strongly movable, then there is an open subset of X whose points are
connected by Y-chains. We require that its complement in X has codimension at least two.
Lemma 8.7 Let the notation be as in 8.5 and suppose Y is strongly movable. Then, for
generic o P S, the normal bundle NYo{X is pdimYo ´ 1q-ample.
Proof. We must find a movable morphism C
ϕ
Ñ Yo, an ample line bundle LC P PicpCq, and a
movable homomorphism LC Ñ ϕ
˚NYo{X . A tangent vector ξ P TS,o induces an infinitesimal
deformation vˆξ P H
0pYo,NYo{Xq that is, a homomorphism
vˆξ : OYo Ñ NYo{X .
Henceforth we restrict our attention to ξ P TΣo,o Ă TS,o.
Claim 1 The vanishing locus of vˆξ is a non-empty, proper subset of Yo. Moreover, for
ξ P TΣo,o variable, the vanishing loci of vˆξ cover an open subset of Yo.
The vector ξ is determined by an arc Spec
`
kvǫw
˘ h
Ñ Σo through o on Σo. The defining
property of Σo implies that there is yǫ P Yo X Yhpǫq, lim
εÑ0
yǫ “ y P Y . By differentiation,
we deduce that the infinitesimal deformation vˆξ vanishes at y, because Yo is deformed in a
tangential direction at that point.
We claim that vˆξ ‰ 0, for generic ξ, and the vanishing loci cover an open subset of Yo.
Both statements follow from the strongly movability of Y, which implies that YΣo
ρo
Ñ X is
dominant (recall that o P S is generic). Indeed, on one hand, the differential of ρo at a generic
point y P Yo is surjective that is, TΣo,o
dρo,y
ÝÑ NYo{X,y, ξ ÞÑ vˆξ,y, is surjective. On the other
hand, ρ´1o pYoq Ñ Yo is dominant too, so the points y as above cover an open subset of Yo.
Claim 2 Now let C Ă Yo be a complete intersection curve which intersect the zero locus
of vˆξ properly. By Claim 1, such curves are movable. Moreover, vˆξ extends to a pointwise
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injective homomorphism LC Ă NYo{XæC , where LC is an ample line bundle. The latter is
movable too, because dρo,y is surjective at the generic point y P Yo. l
Lemma 8.8 Let the notation be as in 8.5 and suppose X is Y-chain connected in codimension
one. Then, for any s P S, Ys intersects every effective divisor D on X and the intersection
D ¨ Ys is numerically non-trivial.
Proof. We fix a generic point o P S and assume that there is an irreducible effective divisor
D in X, such that D X Yo “ H. Note that D X O ‰ H, so D :“ ρ´1pD XOq Ă ρ
´1pDq is a
divisor on Y.
Claim 1 D X Ys “ H or Ys Ă D, for all s P S.
Otherwise, for some s P S, the intersection D X Ys is proper, thus D ¨ Ys is numerically non-
trivial. (Its pairing with a general intersection of complementary dimension is non-empty.)
The deformation invariance of the intersection product yields D X Yo ‰ 0, a contradiction.
Note that, since π is projective, πpDq is closed in S. The claim implies:$’&’%
D X ρ´1pYsq “ H
or
ρ´1pYsq Ă D
ñ
$’&’%
πpDq X πpρ´1pYsqq “ H
or
πpρ´1pYsqq Ă πpDq.
For the last implication, observe the following:
t P πpDq X πpρ´1pYsqq ñ D X Yt ‰ H, so Yt Ă D
YsXYtĂYt
“““““ùñ Ys Ă D.
Claim 2 πpDq contains an open subset of S, so π is surjective.
We use the chain-connectedness of Y: since D XO ‰ H, there are o “ s0, s1, . . . , sn P S,
Ysj´1 X Ysj ‰ H and D X Ysn ‰ H.
The previous claim implies Ysn Ă D, so D X Ysn´1 ‰ H, etc. Inductively, we deduce Yo Ă D,
so the generic point o P S belongs to πpDq. Then πpDq “ S, so it holds D “ π´1pπpDqq “ Y,
a contradiction.
Finally, the intersection DXYo is proper, hence numerically non-trivial, because otherwise
Yo Ă D, for generic o P S, which is impossible. l
Theorem 8.9 Let Y be a family of lci subvarieties of the smooth projective variety X. We
assume that the following properties are satisfied:
(a) X is algebraically simply connected (e.g. X is rationally connected);
(b) Y is strongly movable;
(c) X is Y-chain connected in codimension one.
Then any member Y of Y is G3 in X.
Proof. We apply 8.7 and 8.8: NY {X is pdimY ´ 1q-ample, hence Y is G2 in X. Moreover, Y
intersects every divisor, so Y Ă X is G3. l
Remark 8.10 The smoothness of X can be weakened: it is enough if the generic member of
the family Y is contained in the smooth locus of X.
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9. A connectedness problem
Notation 9.1 Let f : V Ñ X be a morphism between irreducible projective varieties and
Y Ă X be a lci subvariety, with codimXY ă dim fpV q. We denote
q :“ dim fpV q ` dimY ´ dimX ´ 1 “ dim fpV q ´ codimXY ´ 1,
and assume that q ě 0.
The goal of this section is to apply the ideas developed so far to the following:
Conjecture If the normal bundle NY {X is ample, then f
´1pY q is connected.
The conjecture is due to Fulton-Hansen (cf. [20, pp. 161]). Hartshorne raised a similar
problem for f a closed embedding, concerning the non-emptiness of Y X V (cf. [27, Ch. III,
Conjecture 4.5]). As stated, the conjecture is not true: there are counterexamples constructed
by Hartshorne, see Remark 9.3(ii) below.
The conjecture holds for products of projective spaces, flag varieties, low codimensional
subvarieties of projective spaces, by work of Fulton-Hansen, Debarre, Ba˘descu [20, 25, 16, 7, 4].
Faltings proved the statement for homogeneous varieties (cf. [18, Korollar, pp. 148]). The
common feature of these approaches is to focus on the properties of the diagonal ∆X Ă XˆX.
Moreover, the methods are strongly adapted to homogeneous varieties. The problem was also
studied in [39], where the emphasis is rather on the movability of Y in X.
The approach inhere is based on two ingredients: Theorem 8.1 and the following result due
to Hironaka-Matsumura:
Theorem (cf. [29, Theorem 2.7]) Suppose V
f
Ñ X is surjective and Y Ă X is G3. Then
f´1pY q Ă V is G3, hence connected.
Hartshorne’s example shows that the G3-condition is optimal. This motivates our strategy:
we impose positivity conditions on Y and analyse how they are inherited by the pre-image.
Theorem 9.2 Let the notation be as in 9.1 and assume that Y Ă X is q-ample.
(i) Suppose f is an embedding. Then the following statements hold:
(a) If V is Cohen-Macaulay, then Y X V is non-empty and connected.
(b) If V is smooth and Y X V Ă V is lci, then Y X V is G3 in V .
(ii) Let f : V Ñ X be a morphism.
(a) If the Stein factorization of f is Cohen-Macaulay, then f´1pY q is non-empty and
connected.
(b) The pre-image f´1pY q is G3 in V if one of the following conditions is satisfied:
˝ V is smooth, f is flat, and Y X fpV q is lci in fpV q;
˛ fpV q is smooth and Y X fpV q is lci in fpV q.
Proof. (i)(a) We claim that Y X V is non-empty and
`
dimpY X V q ´ 1
˘
-ample in V : indeed,
cdpV zY X V q ď cdpXzY q ď codimXY ` q ´ 1 “ dimV ´ 2 (cf. Proposition 5.4).
Thus Y intersects V , actually dimpY X V q ě 1; otherwise cdpV zY X V q “ dimV ´ 1, a
contradiction. The universality property of the blow-up yields the Cartesian diagram:
BlYXV pV q


//

BlY pXq

V


// X.
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Since the exceptional divisor EY is pdimV ´ 2q-ample, the same holds for EYXV . Proposi-
tion 5.5 implies that Y X V is connected.
(b) It’s a direct application of Theorem 8.1.
(ii) Let Z :“ fpV q be the reduced image and V¯ :“ Specpf˚OV q the Stein factorization of f .
(a) As before, it holds cdpZzY X Zq ď cdpXzY q ď dimZ ´ 2. Since V¯
f¯
Ñ Z is finite and
V¯ is Cohen-Macaulay, it follows cdpV¯ zf¯´1pY qq ď dim V¯ ´ 2, thus f¯´1pY q is connected. But
V Ñ V¯ has connected fibres, so f´1pY q is connected.
(b ˝) In this case, f´1pY q Ă V is lci and f is equidimensional. The induced morphism
f˜ : Blf´1pY qpV q Ñ BlYXZpZq is still equidimensional; since EYXZ is pdimZ ´ 2q-ample,
Ef´1pY q is pdimV ´ 2q-ample (cf. proof of 6.1). The claim follows from Theorem 8.1.
(b ˛) By (i)(b), Y X Z Ă Z is G3, so f´1pY q Ă V is G3. l
Remark 9.3 (i) If Y is an ample subvariety of X, the condition q ě 0 in 9.1 becomes the
usual one: dim fpV q ą codimXY . Note that, in this case, NY {X is ample (cf. 6.2).
(ii) We pointed out that, as stated, the conjecture is false: [27, pp. 199] is the example of
an e´tale morphism V Ñ X and positive dimensional, smooth subvariety Y Ă X with ample
normal bundle and disconnected pre-image. The condition (iib ˝) is satisfied and, moreover,
Y is G2 but not G3 in X. What (necessarily) fails is the partial ampleness of Y .
Hence the positivity conditions on Y are necessary. However, one can weaken the transver-
sality and regularity assumptions through deformations. The method is suited for smoothable
triples pY, V, fq, which can be moved into general relative position.
Lemma 9.4 (cf. [20, Sect. 2]) Let S be a normal, irreducible, quasi-projective variety,
‚ Y “ tYsusPS
pπ,ιq
Ă S ˆX a flat family of c-codimensional subvarieties,
‚ V “ tVsusPS a S-flat family of projective varieties, V
f“pfsqsPS
´´ ÝÑ X a morphism.
Consider W “ pWsqsPS :“ Y ˆSˆX V Ă V; assume that generically Ws Ă Vs is connected and
c-codimensional, for s P U Ă S. For o P S, suppose moreover that it holds:
@ yo P Yo X fpVoq, D Specpkvǫwq
u
Ñ Y ˆSˆX fpVq Ă Y, up0q “ yo, upǫq P π
´1pUq.
Then f´1o pYoq Ă Vo is connected.
10. Examples of q-ample subvarieties
Partially ample subvarieties are ubiquitous. We shall discuss several classes of examples:
(i) subvarieties of almost homogeneous varieties;
(ii) zero loci of sections in globally generated vector bundles;
(iii) sources of Bialynicki-Birula decompositions, corresponding to actions of the multi-
plicative group.
10.1. Subvarieties of (almost) homogeneous varieties. Suppose G is a connected alge-
braic group with identity element e and consider the morphism:
γ : GˆGÑ G, γpg1, gq :“ g1g´1.
Let X be a smooth G-variety with an open orbit O. So, if G is linear, then X is automatically
rational. We denote by µ : GˆX Ñ X the action and, for x P X, let µxp¨q :“ µp¨, xq.
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Definition 10.1 Suppose Y Ă X is an irreducible subvariety which intersects O. We consider
the following objects:
‚ For yo P Y X O, let GY,yo :“ µ
´1
yo
pY q; it is a closed subvariety of G. Denote GY the
subgroup generated by GY,yo ; it is closed in G, independent of yo P Y XO.
‚ Define SY :“ γpGY,yo , GY,yoq; it is constructible in G, contains GY,yo , and independent of
yo P Y XO. In fact, SY consists of those elements of G which send some point of Y XO
to another point of Y XO.
We say that Y generates X if GY “ G. We say that Y strongly generates X if µpSY , Y XOq
is open in O.
Note that, for homogeneous X “ G{P , the subset SY is closed in G. Indeed, if yo “ e, then
P Ă GY,yo and µ factorizes through pGˆGq{P , where P acts diagonally. But the morphism
pGˆGq{P Ñ G is projective, so the image of pGY,yo ˆGY,yoq{P is closed in G.
Lemma 10.2 If Y strongly generates X, then it generates X.
Proof. Indeed, the stabilizer H Ă G of yo is contained in GY,yo and
µpSY , Y XOq “ µ
`
pGY,y0 ¨G
´1
Y,yo
¨GY,yoq, yo
˘
– pGY,y0 ¨G
´1
Y,yo
¨GY,yoq{H.
If µpSY , Y XOq is open in O – G{H, then GY,y0 ¨G
´1
Y,yo
¨GY,yo is H-invariant and open in G,
so GY “ G. l
We remark that, by taking G-translates of Y , we retrieve the situation studied in 8.1.2:
Y :“ Gˆ Y
µ
//
π

X
G
(10.1)
Lemma 10.3 Suppose Y strongly generates the almost homogeneous variety X. Then the
following properties hold:
(i) the family (10.1) is strongly movable;
(ii) If codimXpXzOq ě 2, then X is Y-chain connected in codimension one.
Proof. (i) Note that SY coincides with Σe defined in 8.5 (for o “ e P G). Moreover, for g P G,
SgY “ gSY g
´1 and it holds: µpSgY , gY X Oq “ gµpSY , Y X Oq. By hypothesis, the right
hand-side is open in X, hence ρΣ in (8.2) is dominant.
(ii) Lemma 10.2 implies that G is generated by GY,yo . Then, for any g P G, there is a sequence
e “ g0, g1, . . . , gn P GY,yo whose product equals g. It follows that
Y0 :“ Y, Y1 :“ g1Y, . . . , Yn :“ g1 . . . gnY
is a Y-chain connecting yo to gyo. l
Theorem 10.4 Let pX,Oq be an almost homogeneous variety for the action of a linear alge-
braic group G. Suppose Y Ă X is a smooth subvariety with the following properties:
(a) It strongly generates X.
(b) The intersection with every divisor is numerically non-trivial.
(If codimXpXzOq ě 2, it suffices Y XO ‰ H.)
Then Y is 1ą0, in particular it is G3 in X.
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Proof. Since G is linear, X is a rational variety. The previous lemma implies that Theorem 8.9
applies to the family Y “ Gˆ Y . l
Corollary 10.5 Suppose pX,Oq is almost homogeneous for the action of the linear algebraic
group G. Suppose that the following conditions are satisfied:
(a) codimXpXzOq ě 2;
(b) The stabilizer of some (any) point x0 P O contains a Cartan subgroup of G.
Then the diagonal is 1ą0, thus G3, in the product X ˆX.
This generalizes to almost homogeneous spaces the analogous result for rational homogeneous
varieties (cf. [6, Theorem 2]).
Proof. We apply the previous theorem to the diagonal ∆X Ă X ˆ X. The group G ˆ G
acts on X ˆX with open orbit OˆO, whose complement has codimension at least two, and
∆X X pO ˆ Oq – O. It remains to verify that ∆X is strongly generating that is, S∆X ¨ O is
open in O ˆO. Let H be the stabilizer of the point xo P O. A direct computation yields:
S∆X “ tpg, g
1q P GˆG | Dx1, x2 P O, pg, g
1q ¨ px1, x1q “ px2, x2qu
“ tpg, gq ¨ pe,Adaphqq | a, g P G,h P Hu, pe P G is the identityq.
Since H contains a Cartan subgroup of G,
Ť
aPG
AdapHq contains an open subset of G, so S∆X
contains an open subset of GˆG. l
Note that, instead of (b), it suffices H ¨
Ť
aPG
AdapHq to contain an open subset of G.
The case of homogeneous varieties. In the previous paragraph we obtained the 1ą0 property
for strongly generating subvarieties. However, one would like to have examples of subvarieties
with stronger positivity properties. The theorem below is simply a reformulation of results
due to Faltings, Barth-Larsen.
Theorem 10.6 Let X “ G{P be a rational homogeneous variety, with G a semi-simple linear
group. Denote by ℓ the minimal rank of the simple factors of G. Let Y Ă X be a smooth
subvariety of codimension δ. The following statements hold:
(i) (cf. [18, Satz 5, Satz 7]) Y is pℓ´ 2δ ` 1qą0.
Hence, for X “ Pn, Y is p2 dim Y ´ n` 1qą0 (cf. [3], [34, Theorem 3.2.1]).
(ii) (cf. [38, Theorem 7.1]) Let Y Ă Pn be a smooth subvariety. Then holds:
Y is pą0 ô restY : H
tpPn;Qq Ñ HtpY ;Qq is an isomorphism, @ t ă p.
Proof. (i) Indeed, we have cdpXzY q ď dimX´ ℓ`2δ´2 and TX is pdimX´ ℓq-ample. Since
NY {X is a quotient of TX , we conclude by Proposition 6.2.
(ii) In this case, NY {Pn is ample. By [37, Theorem 4.4, 2.13], the inequality cdpP
nzY q ă n´ p
holds if and only if restY is an isomorphism and the local cohomological dimension of Y Ă P
n
is at most n ´ p. Since Y is smooth, the latter equals codimPnY “ n ´ dimY , so the latter
condition is satisfied. l
10.2. Zero loci of sections in globally generated vector bundles. Throughout this
section, N is a vector bundle of rank ν on the smooth projective variety X.
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10.2.1. q-ample vector bundles. A simple method to produce q-ample, lci subvarieties is by
taking zero loci of q-ample vector bundles.
Proposition 10.7 Suppose N is q-ample and Y is the zero locus of a regular section in it.
Then Y Ă X is a q-ample subvariety; in particular, if q ă dimX ´ ν, then Y is G3 in X.
Proof. We verify the condition (5.3) for the zero locus Y of s P H0pX,Nq and the (arbitrary)
vector bundle F on X. Since s is regular, Y is lci in X, codimXpY q “ ν, so BlY pXq is
Gorenstein, and we have the resolution (cf. [11, Theorem 3.1])
0Ñ LνmpN
_q Ñ . . .Ñ LjmpN
_q Ñ . . .Ñ SymmpN_q
sm
´´ ÝÑ ImY Ñ 0, @m ě 1. (10.2)
The vector bundles LjmpN_q, 1 ď j ď ν, are defined as follows:
L
j
mpN_q :“ Im
´
Symm´1pN_q b
jŹ
N_
φ
j
m
Ý´Ñ SymmpN_q b
j´1Ź
N_
¯
.
The general linear group is linearly reductive and φjm is equivariant, so L
j
mpN_q is actually a
direct summand in SymmpN_q b
j´1Ź
N_. Since N is q-ample, one has
Ht`j´1pX,F b
j´1Ź
N_ b SymmN_q “ 0, j “ 1, . . . , ν,
for t` ν ´ 1 ď dimX ´ q ´ 1 and m " 0. We deduce:
HtpX,F b ImY q “ 0, @ 0 ď t ď dimY ´ q, m " 0,
hence (5.3) is satisfied. 
We are going to see that the criterion is not optimal (cf. 10.9).
10.2.2. Globally generated vector bundles. In the remaining part of the section, we assume
that N is globally generated. Suppose Y Ă X is lci of codimension δ, and the zero locus of a
section s P ΓpNq :“ H0pX,Nq. We do not require s to be regular, so we allow δ ă ν.
In this context, the situation 5.9 arises as follows: the blow-up fits into
X˜


//
π

φ
,,❳❳❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
PpNq“P
´ν´1Ź
N_ b detpNq
¯


// X ˆ P
´ν´1Ź
ΓpNq_
¯

X P :“ P
´ν´1Ź
ΓpNq_
¯
,
(10.3)
and it holds
OX˜pEY q “ OPpNqp´1q
ˇˇ
X˜
“
`
detpNq b OPp´1q
˘ˇˇ
X˜
. (10.4)
Proposition 10.8 Suppose detpNq is ample. If the dimension of the generic fibre of φ (over
its image) is p` 1, then OX˜pEY q is dimφpX˜q-positive, and Y is p
ą0.
Proof. The assumptions of 5.9 are satisfied. 
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10.2.3. Special subvarieties of the Grassmannian. Let W Ď ΓpNq be a vector subspace which
generates N, dimW “ ν ` u ` 1. It is equivalent to a morphism f : X Ñ GrpW ; νq to
the Grassmannian of ν-dimensional quotients of W ; then detpNq is ample if and only if ϕ is
finite onto its image. Henceforth we restrict our attention to X “ GrpW ; νq; it is naturally
isomorphic to the variety Grpu` 1;W q of pu` 1q-dimensional subspaces of W .
Let N be the universal quotient bundle. The morphism φ in (10.3) is explicit:
PpNq Ñ P, px, xexyq ÞÑ detpNx{xexyq
_ Ă
ν´1Ź
N_x Ă
ν´1Ź
W_. (10.5)
(xexy stands for the line generated by ex P Nx, x P GrpW ; νq.) The restriction to the Grass-
mannian corresponds to the commutative diagram
0 // OGrpW ;νq
s
// W bOGrpW ;νq //
β


W {xsy b OGrpW ;νq //


0
OGrpW ;νq
βs
// N // N{xβsy // 0.
(10.6)
Thus φ is the desingularization of the rational map
gs : GrpW ; νq 99K GrpW {xsy; ν ´ 1q, rW ։ N s ÞÑ rW {xsy ։ N{xβsys, (10.7)
followed by the Plu¨cker embedding of GrpW {xsy; ν ´ 1q. The indeterminacy locus of φ is
GrpW {xsy; νq; hence the latter is uą0 in GrpW ; νq.
The discussion generalizes to special Schubert subvarieties. For ℓ ď ν, fix an ℓ-dimensional
subspace Λℓ ĂW and define:
Yℓ :“ tU P Grpu` 1;W q | U X Λℓ ‰ 0u.
The cycles Yℓ, ℓ “ 1, . . . , ν, generate the Chow (cohomology) ring of X. In fact, Yℓ has
codimension ν ´ ℓ` 1 and it is the vanishing locus of the section:
sℓ : O – detpΛℓ b Oq Ñ
ℓŹ
W b OÑ
ℓŹ
N.
We are in the situation described in 5.9. The diagram (10.3) corresponds to the rational map
φ : Grpu` 1;W q 99K Grpu` 1;W {Λℓq, U ÞÑ pU ` Λℓq{Λℓ,
followed by a large Plu¨cker embedding; its indeterminacy locus is precisely Yℓ. Since φ is
surjective, we deduce that Yℓ Ă X is
`
ℓpu` 1q ´ 1
˘ą0
.
Remark 10.9 (i) Propositions 10.8 and 10.7 (see also 1.7) deal with complementary situa-
tions: OX˜pEY q is relatively ample for some morphism, while OPpN_qp1q is the pull-back of an
ample line bundle.
(ii) The criterion 10.7 is not optimal: Proposition 1.7 implies that, for X “ Grpν ` u` 1; νq,
the universal quotient bundle N is q-ample, q “ dimPpN_q ´ Pν`u “ dimX ´ pu` 1q. Hence
Y “ Grpν ` u; νq, the zero locus of a section of N, is pu` 1´ νqą0; this can be negative.
On the other hand, Proposition 5.9 implies that Y is uą0. Moreover, sℓ above is far from
being a regular section, so one can not use 10.7 to estimate the amplitude of Yℓ. But 5.9 is
still applicable.
(iii) Zero loci of sections in globally generated vector bundles appear in recent work of Fulger-
Lehmann (cf. [19]). They defined the pliant cone of a projective variety X, which is generated
by pre-images of Schubert subvarieties of (various) Grassmannians Gr, by morphismsX Ñ Gr.
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The pliant cone is a full-dimensional sub-cone of the nef cone of X, whose generators are easier
to understand.
Pre-images of special Schubert varieties belong to the pliant cone. Our discussion shows
they enjoy remarkable positivity properties, in particular are G3 in the ambient space.
10.3. Sources of Gm-actions. Let X be a smooth projective variety with a faithful action
λ : Gm ˆX Ñ X
of the multiplicative group Gm “ k
ˆ. This determines the so-called Bialynicki-Birula—BB
for short—decomposition of X (cf. [10]):
‚ The fixed locus Xλ of the action is a disjoint union
Ů
sPSBB
Ys of smooth subvarieties. For
s P SBB, Y
`
s :“ tx P X | lim
tÑ0
λpt, xq P Ysu is locally closed in X (a BB-cell) and it holds:
X “
Ů
sPSBB
Y `s .
‚ The source Y :“ Ysource and the sink Ysink of the action are uniquely characterized by
the conditions: Y ` “ Y `source Ă X is open and Y
`
sink “ Ysink.
A linearization of the action in a sufficiently ample line bundle yields a Gm-equivariant
embedding X Ă PNk . There are homogeneous coordinates z0 P k
N0`1, . . . , zr P k
Nr`1 such
that the Gm-action on P
N
k is:
λ
`
t, rz0, z1, . . . , zrs
˘
“ rz0, t
m1z1, . . . , t
mrzrs, with 0 ă m1 ă . . . ă mr. (10.8)
The source and sink of PN ,X are respectively:
PNsource “ trz0, 0, . . . , 0su, P
N
sink “ tr0, . . . , 0, zrsu,
Y “ Ysource “ X X P
N
source, Ysink “ X X P
N
sink,
Y ` “ X X pPNsourceq
`, pPNsourceq
` “ trzs “ rz0, z1, . . . , zrs | z0 ‰ 0u.
(10.9)
Let m be the lowest common multiple of tmρuρ“1,...,r and lρ :“ m{mρ. Denote z
lρ
ρ :“
pz
lρ
ρ0, . . . , z
lρ
ρNρ
q and I Ă OPN the sheaf of ideals generated by z
l1
1 , . . . , z
lr
r . The rational map
φ : PN 99K PN
1
, rz0, z1, . . . , zrs ÞÑ rz
l1
1 , . . . , z
lr
r s, (10.10)
is Gm-invariant and its indeterminacy locus is the subscheme determined by I. Then J :“
Ib OX defines the subscheme YJ Ă X whose reduction is pY,OY q. We have the diagram:
X˜ :“ BlYJpXq
ι˜
//
b

φX
))
BlIpP
N q
φ
//
B

PN
1
X
ι
// PN
φ
//❴❴❴❴❴❴ PN
1
(10.11)
Lemma 10.10 The diagram (10.11) has the following properties:
(i) The exceptional divisor of B is φ-relatively ample, hence the exceptional divisor of b is
φX-relatively ample.
(ii) The morphism φ : BlIpP
N q Ñ PN
1
is Gm-invariant and
dimφXpX˜q “ dimφXpXzY
`q ď dimpXzY `q. (10.12)
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Proof. (i) The subscheme determined by I is the vanishing locus of a section in a direct sum
of ample line bundles over PN , so we recover the situation in Proposition 10.8.
(ii) The Gm-invariance of φ, thus of φX , follows from 10.8. It holds:
dimφXpBlJpXqq “ dimφXpXzY q and φXpXzY q “ φXpXzY
`q Y φXpY
`zY q.
For rz0, z
1s P Y `zY and t P Gm, the Gm-invariance of φX yields:
φX
`
rz0, z
1s
˘
“ φX
`
tˆ rz0, z
1s
˘
“ φX
`
lim
tÑ8
tˆ rz0, z
1s
˘
.
But lim
tÑ8
tˆ rz0, z
1s “ r0, z2s P XzY `, which implies φXpY
`zY q Ă φXpXzY
`q. l
Now we can estimate the ampleness of the source Y .
Theorem 10.11 Let X be a non-singular Gm-variety with source Y and
p :“ codimpXzY `q ´ 1.
Then the following statements hold:
(i) The thickening YJ of Y in (10.11) is a pdimY ´pq-ample subscheme of X; in particular,
Y is a pÁ0 subvariety.
(ii) If Gm acts on the normal bundle NY {X by scalar multiplication, then Y Ă X is p
ą0.
Proof. (i) We apply the Proposition 5.9: YJ is a q-ample subscheme, with
q “ 1` dimφpX˜q ´ codimXpY q
(10.12)
ď 1` dimpXzY `q ´ codimXpY q.
(ii) In this case we have Y ` – N :“ Spec
`
Sym‚N_
Y {X
˘
, cf. [10, Remark pp. 491]. Thus
N Ă X is open and Gm acts, fibrewise over Y , by scalar multiplication.
The inclusions N Ă NPNsource{PN “ t rzN0 , z
1s | zN0 ‰ 0 u Ă P
N are Gm-equivariant. But the
diagonal multiplication on the coordinates z1 exists globally on PN , consequently X Ă PN
is invariant for the Gm-action by scalar multiplication on z
1 “ pzN1 , . . . , zNr q. Hence the
exponents lρ in (10.10) are all equal to one, so J “ IY Ă OX . l
Remark 10.12 Note that XzY ` is closed in XzY . Thus, by using Lemma 7.2, we deduce:
cdpXzY q “ dimpXzY `q. This simple answer contrasts the elaborate techniques needed to
estimate the cohomological dimension of the complement of a subvariety (cf. [37, 18, 35]).
Example 10.13 (i) Let W – kw`1, w ` 1 even, be a vector space endowed with a non-
degenerate, symmetric bilinear form β. Consider X :“ o Grpu` 1;W q, the orthogonal Grass-
mannian of pu` 1q-dimensional isotropic subspaces of W ; in particular, w` 1 ě 2pu` 1q. We
choose coordinates on W such that
β “
„
0 1lpw`1q{2
1lpw`1q{2 0

, (1l stands for the identity matrix),
and decompose W “ kpw`1q{2 ‘ kpw`1q{2 into the sum of two Lagrangian subspaces. We
consider λ : Gm Ñ SOpw`1q{2, λptq “ diag
“
t´1, 1lpw´1q{2, t, 1lpw´1q{2
‰
.
The source is Y “ tU | s :“ p1, 0, . . . , 0q P Uu – o Grpu;w ´ 1q and, for U P Y , holds:
TX,U – HompU,U
K{Uq ‘Homanti´symmpU,U_q, (Note that hpsq P xsyK.)
TY,U – HompU{xsy, U
K{Uq ‘Homanti´symm
`
U{xsy, pU{xsyq_
˘
,
NY {X,U “ Hompxsy, xsy
K{Uq.
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Hence λ acts with weight t on NY {X . The complement of the open BB-cell is
XzY ` “
 
U P X | s R lim
tÑ0
λptqU
(
“ tU | U ĂW 1 :“ kpw´1q{2 ‘ kpw`1q{2u.
Note that βæW 1 has a 1-dimensional kernel xs
1y: if w “ 2u` 1, then s1 P U for all U P XzY `;
for greater w, this is not the case. We deduce:
codimpXzY `q “
"
u if w “ 2u` 1;
u` 1 if w ě 2u` 3,
ñ Y Ă X is:
"
pu´ 1qą0 if w “ 2u` 1;
uą0 if w ě 2u` 3.
(ii) With the previous notation, let ω be a skew-symmetric bilinear form on W and X :“
sp Grpu ` 1;W q be the symplectic Grassmannian of pu` 1q-dimensional isotropic subspaces
of W . Take a Lagrangian decomposition W “ kpw`1q{2 ‘ kpw`1q{2, such that
ω “
„
0 1lpw`1q{2
´1lpw`1q{2 0

.
The action induced by λ : Gm Ñ Sppw`1q{2, λptq “ diag
“
t´1, 1lpw´1q{2, t, 1lpw´1q{2
‰
has the
source Y “ tU | s :“ p1, 0, . . . , 0q P Uu – sp Grpu;w ´ 1q.
A similar computation yields NY {X,U – Hompxsy,W {Uq. In this case, Gm doesn’t act on
NY {X by scalar multiplication: it has weight t
2 on Hompxsy,W {xsyKq and weight t on its
complement (K stands for the ω-orthogonal). The complement of the open BB-cell is p1`uq-
codimensional in X, as before. We conclude that, in this case, Y is only uÁ0; more precisely,
there is a non-reduced scheme with support Y which is uą0.
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